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SPECTRAL ASPECTS OF COMMUTING CONJUGACY CLASS GRAPH OF
FINITE GROUPS
PARTHAJIT BHOWAL AND RAJAT KANTI NATH∗
Abstract. The commuting conjugacy class graph of a non-abelian group G, denoted by CCC(G),
is a simple undirected graph whose vertex set is the set of conjugacy classes of the non-central
elements of G and two distinct vertices xG and yG are adjacent if there exists some elements
x′ ∈ xG and y′ ∈ yG such that x′y′ = y′x′. In this paper we compute various spectra and
energies of commuting conjugacy class graph of the groups D2n, Q4m, U(n,m), V8n and SD8n. Our
computation shows that CCC(G) is super integral for these groups. We compare various energies
and as a consequence it is observed that CCC(G) satisfy E-LE Conjecture of Gutman et al. We
also provide negative answer to a question posed by Dutta et al. comparing Laplacian and Signless
Laplacian energy. Finally, we conclude this paper by characterizing the above mentioned groups
G such that CCC(G) is hyperenergetic, L-hyperenergetic or Q-hyperenergetic.
1. Introduction
The commuting graph of a finite non-abelian group G with center Z(G) is a simple undirected
graph whose vertex set is G \ Z(G) and two distinct vertices x and y are adjacent if xy = yx. This
graph was first considered by Brauer and Fowler [3]. Later on, many mathematicians have extended
this graph by considering nilpotent graphs, solvable graphs, commuting conjugacy class graphs etc.
The commuting conjugacy class graph of a non-abelian group G, denoted by CCC(G), is a simple
undirected graph whose vertex set is the set of conjugacy classes of the non-central elements of G
and two distinct vertices xG and yG are adjacent if there exists some elements x′ ∈ xG and y′ ∈ yG
such that x′y′ = y′x′. The notion of commuting conjugacy class graph of groups was introduced
by Herzog, Longobardi and Maj [14] in the year 2009. However, in their definition of CCC(G), the
vertex set is considered to be the set of all non-identity conjugacy classes of G. In the year 2016,
Mohammadian et al. [18] have classified all finite groups such that CCC(G) is triangle-free. Recently,
in [20], Salahshour and Ashrafi have obtain the structure of CCC(G) considering G to be the following
groups:
D2n = 〈x, y : x
n = y2 = 1, yxy = x−1〉 for n ≥ 3,
Q4m = 〈x, y : x
2m = 1, xm = y2, y−1xy = x−1〉 for m ≥ 2,
U(n,m) = 〈x, y : x
2n = ym = 1, x−1yx = y−1〉 for m ≥ 2 and n ≥ 2,
V8n = 〈x, y : x
2n = y4 = 1, yx = x−1y−1, y−1x = x−1y〉 for n ≥ 2,
SD8n = 〈x, y : x
4n = y2 = 1, yxy = x2n−1〉 for n ≥ 2 and
G(p,m, n) = 〈x, y : xp
m
= yp
n
= [x, y]p = 1, [x, [x, y]] = [y, [x, y]] = 1〉,
where p is any prime, m ≥ 1 and n ≥ 1.
In this paper we compute various spectra and energies of commuting conjugacy class graph of the
first five groups listed above due to the similar nature of their commuting conjugacy class graphs. In
a subsequent paper we shall consider commuting conjugacy class graph of G(p,m, n). Computation
of various spectra is helpful to check whether CCC(G) is super integral. Recall that a graph G
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is called super integral if it is integral, L-integral and Q-integral. In the year 1974, Harary and
Schwenk [13] introduced the concept of integral graphs. Several results on these graphs can be
found in [1, 2, 4, 15, 17, 21]. It is observed that CCC(G) is super integral for the groups mentioned
above. In Section 4, using the energies computed in Section 3, we determine whether the inequalities
in [5, Conjecture 1] and [5, Question 1] satisfy for CCC(G). In Section 5, we determine whether
CCC(G) is hyperenergetic, borderenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic
or Q-borderenergetic. It is worth mentioning that various spectra and energies of commuting graphs
of finite groups have been computed in [6, 7, 19, 8, 5].
2. Definitions and useful results
Let A(G) and D(G) denote the adjacency matrix and degree matrix of a graph G respectively.
Then the Laplacian matrix and Signless Laplacian matrix of G are given by L(G) = D(G) −
A(G) and Q(G) = D(G) + A(G) respectively. We write Spec(G), L-spec(G) and Q-spec(G) to de-
note the spectrum, Laplacian spectrum and Signless Laplacian spectrum of G. Also, Spec(G) =
{αa11 , α
a2
2 , . . . , α
al
l }, L-spec(G) = {β
b1
1 , β
b2
2 , . . . , β
bm
m } and Q-spec(G) = {γ
c1
1 , γ
c2
2 , . . . , γ
cn
n } where
α1, α2, . . . , αn are the eigenvalues of A(G) with multiplicities a1, a2, . . . , al; β1, β2, . . . , βm are the
eigenvalues of L(G) with multiplicities b1, b2, . . . , bm and γ1, γ2, . . . , γn are the eigenvalues of Q(G)
with multiplicities c1, c2, . . . , cn respectively. A graph G is called integral or L-integral or Q-integral
according as Spec(G) or L-spec(G) or Q-spec(G) contains only integers. Following theorem is helpful
in computing various spectra.
Theorem 2.1. If G = l1Km1 ⊔ l2Km2 , where liKmi denotes the disjoint union of li copies of the
complete graph Kmi on mi vertices for i = 1, 2, then
Spec(G) =
{
(−1)
∑2
i=1 li(mi−1), (m1 − 1)
l1 , (m2 − 1)
l2
}
L-spec(G) =
{
0l1+l2 ,m
l1(m1−1)
1 ,m
l2(m2−1)
2
}
and
Q-spec(G) =
{
(2m1 − 2)
l1 , (m1 − 2)
l1(m1−1), (2m2 − 2)
l2 , (m2 − 2)
l2(m2−1)
}
.
Depending on the various spectra of a graph, there are various energies called energy, Laplacian
energy and Signless Laplacian energy denoted by E(G), LE(G) and LE+(G) respectively. These
energies are defined as follows:
(2.1) E(G) =
∑
λ∈Spec(G)
|λ|,
(2.2) LE(G) =
∑
µ∈L-spec(G)
∣∣∣∣µ− 2|e(Γ)||V (Γ)|
∣∣∣∣ ,
(2.3) LE+(G) =
∑
ν∈Q-spec(G)
∣∣∣∣ν − 2|e(Γ)||V (G)|
∣∣∣∣ ,
where V (G) and e(G) denote the set of vertices and edges of Γ.
In 2008, Gutman et al. [12] posed the following conjecture comparing E(G) and LE(G).
Conjecture 2.2. (E-LE Conjecture) E(G) ≤ LE(G) for any graph G.
However, in the same year, Stevanovic´ et al. [22] disproved the above conjecture. In 2009, Liu and
Lin [16] also disproved Conjecture 2.2 by providing some counter examples. Following Gutman et
al. [12], recently Dutta et al. have posed the following question in [5] comparing Laplacian and
singless Laplacian energies of graphs.
Question 2.3. Is LE(G) ≤ LE+(G) for all graphs G?
SPECTRAL ASPECTS OF COMMUTING CONJUGACY CLASS GRAPH OF FINITE GROUPS 3
3. Various spectra and energies
In this section we compute various spectra and energies of commuting conjugacy class graphs of
the groups mentioned in the introduction.
Theorem 3.1. If G = D2n then
(a) Spec(CCC(G)) =


{
(−1)
n−3
2 , 01,
(
n−3
2
)1}
, if n is odd{
(−1)
n
2−2, 02,
(
n
2 − 2
)1}
, if n and n2 are even{
(−1)
n
2−1, 11,
(
n
2 − 2
)1}
, if n is even and n2 is odd
and E(CCC(G)) =


n− 3, if n is odd
n− 4, if n and n2 are even
n− 2, if n is even and n2 is odd.
(b) L-spec(CCC(G)) =


{
02,
(
n−1
2
)n−3
2
}
, if n is odd{
03,
(
n
2 − 1
)n
2 −2
}
, if n and n2 are even{
02, 21,
(
n
2 − 1
)n
2−2
}
, if n is even and n2 is odd
and LE(CCC(G)) =


2(n−1)(n−3)
n+1 , if n is odd
3(n−2)(n−4)
n+2 , if n and
n
2 are even
4, if n = 6
(n−4)(3n−10)
n+2 , if n is even, n ≥ 10 and
n
2 is odd.
(c) Q-spec(CCC(G)) =


{
01, (n− 3)1,
(
n−5
2
)n−3
2
}
, if n is odd{
02, (n− 4)1,
(
n
2 − 3
)n
2 −2
}
, if n and n2 are even{
21, 01, (n− 4)1,
(
n
2 − 3
)n
2−2
}
, if n is even and n2 is odd
and LE+(CCC(G)) =


(n−3)(n+3)
n+1 , if n is odd
(n−4)(n+6)
n+2 , if n = 4, 8
2(n−2)(n−4)
n+2 , if n,
n
2 are even and n ≥ 12
4, if n = 6
22
3 , if n = 10
2(n−2)(n−6)
n+2 , if n is even, n ≥ 14 and
n
2 is odd.
Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
By [20, Proposition 2.1] we have CCC(G) = K1 ⊔ Kn−1
2
. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)
n−3
2 , 01,
(
n− 3
2
)1}
, L-spec(CCC(G)) =
{
02,
(
n− 1
2
)n−3
2
}
and Q-spec(CCC(G)) =
{
01, (n− 3)1,
(
n− 5
2
)n−3
2
}
.
Hence, by (2.1), we get
E(CCC(G)) =
n− 3
2
+
n− 3
2
= n− 3.
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We have |V (CCC(G))| = n+12 and |e(CCC(G))| =
(n−1)(n−3)
8 . Therefore,
2|e(CCC(G))|
|V (CCC(G))| =
(n−1)(n−3)
2(n+1) .
Also, ∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− (n− 1)(n− 3)2(n+ 1)
∣∣∣∣ = (n− 1)(n− 3)2(n+ 1) and∣∣∣∣n− 12 − 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n− 12 − (n− 1)(n− 3)2(n+ 1)
∣∣∣∣ = 2(n− 1)n+ 1 .
Now, by (2.2), we have
LE(CCC(G)) = 2×
(n− 1)(n− 3)
2(n+ 1)
+
n− 3
2
×
2(n− 1)
n+ 1
=
2(n− 1)(n− 3)
n+ 1
.
Again, ∣∣∣∣n− 3− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n− 3− (n− 1)(n− 3)2(n+ 1)
∣∣∣∣ = (n− 3)(n+ 3)2(n+ 1) and∣∣∣∣n− 52 − 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n− 52 − (n− 1)(n− 3)2(n+ 1)
∣∣∣∣ =
∣∣∣∣ −4n+ 1
∣∣∣∣ = 4n+ 1 .
By (2.3), we have
LE+(CCC(G)) =
(n− 1)(n− 3)
2(n+ 1)
+
(n− 3)(n+ 3)
2(n+ 1)
+
n− 3
2
×
4
n+ 1
=
(n− 3)(n+ 3)
n+ 1
.
Case 2. n is even.
Consider the following subcases.
Subcase 2.1 n2 is even.
By [20, Proposition 2.1] we have CCC(G) = 2K1 ⊔Kn2−1. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)
n
2 −2, 02,
(n
2
− 2
)1}
, L-spec(CCC(G)) =
{
03,
(n
2
− 1
)n
2−2
}
and Q-spec(CCC(G)) =
{
02, (n− 4)1,
(n
2
− 3
)n
2−2
}
.
Hence, by (2.1), we get
E(CCC(G)) =
n
2
− 2 +
n
2
− 2 = n− 4.
We have |V (CCC(G))| = n2 + 1 and |e(CCC(G))| =
(n−2)(n−4)
8 . So,
2|e(CCC(G))|
|V (CCC(G))| =
(n−2)(n−4)
2(n+2) .
Also, ∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− (n− 2)(n− 4)2(n+ 2)
∣∣∣∣ = (n− 2)(n− 4)2(n+ 2) and∣∣∣∣n2 − 1− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n2 − 1− (n− 2)(n− 4)2(n+ 2)
∣∣∣∣ = 3(n− 2)n+ 2 .
Now, by (2.2), we have
LE(CCC(G)) = 3×
(n− 2)(n− 4)
2(n+ 2)
+
(n
2
− 2
)
×
3(n− 2)
n+ 2
=
3(n− 2)(n− 4)
n+ 2
.
Again, ∣∣∣∣n− 4− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n− 4− (n− 2)(n− 4)2(n+ 2)
∣∣∣∣ = (n− 4)(n+ 6)2(n+ 2) and
∣∣∣∣n2 − 3− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n2 − 3− (n− 2)(n− 4)2(n+ 2)
∣∣∣∣ =
∣∣∣∣n− 10n+ 2
∣∣∣∣ =
{
−n+10
n+2 , if n = 4, 8
n−10
n+2 , if n ≥ 12.
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By (2.3), we have
LE+(CCC(G)) = 2×
(n− 2)(n− 4)
2(n+ 2)
+
(n− 4)(n+ 6)
2(n+ 2)
+
(n
2
− 2
)
×
−n+ 10
n+ 2
=
(n− 4)(n+ 6)
n+ 2
,
if n = 4, 8. If n ≥ 12 then
LE+(CCC(G)) = 2×
(n− 2)(n− 4)
2(n+ 2)
+
(n− 4)(n+ 6)
2(n+ 2)
+
(n
2
− 2
)
×
n− 10
n+ 2
=
2(n− 2)(n− 4)
n+ 2
.
Subcase 2.2 n2 is odd.
By [20, Proposition 2.1] we have CCC(G) = K2 ⊔Kn2−1. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)
n
2 −1, 11,
(n
2
− 2
)1}
, L-spec(CCC(G)) =
{
02, 21,
(n
2
− 1
)n
2−2
}
and Q-spec(CCC(G)) =
{
21, 01, (n− 4)1,
(n
2
− 3
)n
2 −2
}
.
Hence, by (2.1), we get
E(CCC(G)) =
n
2
− 1 + 1 +
n
2
− 2 = n− 2.
We have |V (CCC(G))| = n2 + 1 and |e(CCC(G))| =
(n−2)(n−4)+8
8 . Therefore,
2|e(CCC(G))|
|V (CCC(G))| =
(n−2)(n−4)+8
2(n+2) . Also,∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− (n− 2)(n− 4) + 82(n+ 2)
∣∣∣∣ = (n− 2)(n− 4) + 82(n+ 2) ,∣∣∣∣2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2− (n− 2)(n− 4) + 82(n+ 2)
∣∣∣∣ =
∣∣∣∣−n2 + 10n− 82(n+ 2)
∣∣∣∣ =
{
1, if n = 6
n2−10n+8
2(n+2) , if n ≥ 10
and
∣∣∣∣n2 − 1− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n2 − 1− (n− 2)(n− 4) + 82(n+ 2)
∣∣∣∣ = 3n− 10n+ 2 .
Now, by (2.2), we have
LE(CCC(G)) = 2×
(n− 2)(n− 4) + 8
2(n+ 2)
+ 1 +
(n
2
− 2
)
×
3n− 10
n+ 2
= 4,
if n = 6. If n ≥ 10 then
LE(CCC(G)) = 2×
(n− 2)(n− 4) + 8
2(n+ 2)
+
n2 − 10n+ 8
2(n+ 2)
+
(n
2
− 2
)
×
3n− 10
n+ 2
=
3n2 − 22n− 40
n+ 2
=
(n− 4)(3n− 10)
n+ 2
.
Again, ∣∣∣∣n− 4− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n− 4− (n− 2)(n− 4) + 82(n+ 2)
∣∣∣∣ = n2 + 2n− 322(n+ 2) and∣∣∣∣n2 − 3− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n2 − 3− (n− 2)(n− 4) + 82(n+ 2)
∣∣∣∣ =
∣∣∣∣n− 14n+ 2
∣∣∣∣ =
{
−n+14
n+2 , if n = 6, 10
n−14
n+2 , if n ≥ 14.
By (2.3), we have
LE+(CCC(G)) = 1 +
(n− 2)(n− 4) + 8
2(n+ 2)
+
n2 + 2n− 32
2(n+ 2)
+
(n
2
− 2
)
×
−n+ 14
n+ 2
= 4,
if n = 6. If n = 10 then
LE+(CCC(G)) =
n2 − 10n+ 8
2(n+ 2)
+
(n− 2)(n− 4) + 8
2(n+ 2)
+
n2 + 2n− 32
2(n+ 2)
+
(n
2
− 2
)
×
−n+ 14
n+ 2
=
22
3
.
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If n ≥ 14 then
LE+(CCC(G)) =
n2 − 10n+ 8
2(n+ 2)
+
(n− 2)(n− 4) + 8
2(n+ 2)
+
n2 + 2n− 32
2(n+ 2)
+
(n
2
− 2
)
×
n− 14
n+ 2
=
2(n− 2)(n− 6)
n+ 2
.
This completes the proof. 
Theorem 3.2. If G = Q4m then
(a) Spec(CCC(G)) =
{{
(−1)m−1, 11, (m− 2)1
}
, if m is odd{
(−1)m−2, 02, (m− 2)1
}
, if m is even
and E(CCC(G)) =
{
2m− 2, if m is odd
2m− 4, if m is even.
(b) L-spec(CCC(G)) =
{{
02, 21, (m− 1)m−2
}
, if m is odd{
03, (m− 1)m−2
}
, if m is even
and LE(CCC(G)) =


4, if m = 3
2(m−2)(3m−5)
m+1 , if m is odd and m ≥ 5
6(m−1)(m−2)
m+1 , if m is even.
(c) Q-spec(CCC(G)) =
{{
21, 01, (2m− 4)1, (m− 3)m−2
}
, if m is odd{
02, (2m− 4)1, (m− 3)m−2
}
, if m is even.
and LE+(CCC(G)) =


4, if m = 3
22
3 , if m = 5
4(m−1)(m−3)
m+1 , if m is odd and m ≥ 7
2(m−2)(m+3)
m+1 , if m = 2, 4
4(m−1)(m−2)
m+1 , if m is even and m ≥ 6.
Proof. We shall prove the result by considering the following cases.
Case 1. m is odd.
By [20, Proposition 2.2] we have CCC(G) = K2 ⊔ Km−1. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)m−1, 11, (m− 2)1
}
, L-spec(CCC(G)) =
{
02, 21, (m− 1)m−2
}
and Q-spec(CCC(G)) =
{
21, 01, (2m− 4)1, (m− 3)m−2
}
.
Hence, by (2.1), we get
E(CCC(G)) = m− 1 + 1 +m− 2 = 2m− 2.
We have |V (CCC(G))| = m + 1 and |e(CCC(G))| = (m−1)(m−2)+22 . Therefore,
2|e(CCC(G))|
|V (CCC(G))| =
(m−1)(m−2)+2
m+1 . Also,∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− (m− 1)(m− 2) + 2m+ 1
∣∣∣∣ = (m− 1)(m− 2) + 2m+ 1 ,∣∣∣∣2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2− (m− 1)(m− 2) + 2m+ 1
∣∣∣∣ =
∣∣∣∣−m2 + 5m− 2m+ 1
∣∣∣∣ =
{
1, if m = 3
m2−5m+2
m+1 , if m ≥ 5
and
∣∣∣∣m− 1− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣m− 1− (m− 1)(m− 2) + 2m+ 1
∣∣∣∣ = 3m− 5m+ 1 .
Now, by (2.2), we have
LE(CCC(G)) = 2×
(m− 1)(m− 2) + 2
m+ 1
+ 1 + (m− 2)×
3m− 5
m+ 1
= 4,
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if m = 3. If m ≥ 5 then
LE(CCC(G)) = 2×
(m− 1)(m− 2) + 2
m+ 1
+
m2 − 5m+ 2
m+ 1
+ (m− 2)×
3m− 5
m+ 1
=
2(m− 2)(3m− 5)
m+ 1
.
Again,∣∣∣∣2m− 4− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2m− 4− (m− 1)(m− 2) + 2m+ 1
∣∣∣∣ = m2 +m− 8m+ 1 and∣∣∣∣m− 3− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣m− 3− (m− 1)(m− 2) + 2m+ 1
∣∣∣∣ =
∣∣∣∣m− 7m+ 1
∣∣∣∣ =
{
−m+7
m+1 , if m = 3, 5
m−7
m+1 , if m ≥ 7.
By (2.3), we have
LE+(CCC(G)) = 1 +
(m− 1)(m− 2) + 2
m+ 1
+
m2 +m− 8
m+ 1
+ (m− 2)×
−m+ 7
m+ 1
= 4,
if m = 3. If m = 5 then
LE+(CCC(G)) =
m2 − 5m+ 2
m+ 1
+
(m− 1)(m− 2) + 2
m+ 1
+
m2 +m− 8
m+ 1
+ (m− 2)×
−m+ 7
m+ 1
=
22
3
.
If m ≥ 7 then
LE+(CCC(G)) =
m2 − 5m+ 2
m+ 1
+
(m− 1)(m− 2) + 2
m+ 1
+
m2 +m− 8
m+ 1
+ (m− 2)×
m− 7
m+ 1
=
4(m− 1)(m− 3)
m+ 1
.
Case 2. m is even.
By [20, Proposition 2.2] we have CCC(G) = 2K1 ⊔Km−1. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)m−2, 02, (m− 2)1
}
, L-spec(CCC(G)) =
{
03, (m− 1)m−2
}
and Q-spec(CCC(G)) =
{
02, (2m− 4)1, (m− 3)m−2
}
.
Hence, by (2.1), we get
E(CCC(G)) = m− 2 +m− 2 = 2m− 4.
We have |V (CCC(G))| = m + 1 and |e(CCC(G))| = (m−1)(m−2)2 . Therefore,
2|e(CCC(G))|
|V (CCC(G))| =
(m−1)(m−2)
m+1 . Also,∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− (m− 1)(m− 2)m+ 1
∣∣∣∣ = (m− 1)(m− 2)m+ 1 and∣∣∣∣m− 1− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣m− 1− (m− 1)(m− 2)m+ 1
∣∣∣∣ = 3(m− 1)m+ 1 .
Now, by (2.2), we have
LE(CCC(G)) = 3×
(m− 1)(m− 2)
m+ 1
+ (m− 2)×
3(m− 1)
m+ 1
=
6(m− 1)(m− 2)
m+ 1
.
Again,∣∣∣∣2m− 4− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2m− 4− (m− 1)(m− 2)m+ 1
∣∣∣∣ = (m− 2)(m+ 3)m+ 1 and∣∣∣∣m− 3− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣m− 3− (m− 1)(m− 2)m+ 1
∣∣∣∣ =
∣∣∣∣m− 5m+ 1
∣∣∣∣ =
{
−m+5
m+1 , if m = 2, 4
m−5
m+1 , if m ≥ 6.
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By (2.3), we have
LE+(CCC(G)) = 2×
(m− 1)(m− 2)
m+ 1
+
(m− 2)(m+ 3)
m+ 1
+ (m− 2)×
−m+ 5
m+ 1
=
2(m− 2)(m+ 3)
m+ 1
,
if m = 2, 4. If m ≥ 6 then
LE+(CCC(G)) = 2×
(m− 1)(m− 2)
m+ 1
+
(m− 2)(m+ 3)
m+ 1
+ (m− 2)×
m− 5
m+ 1
=
4(m− 1)(m− 2)
m+ 1
.
This completes the proof. 
Theorem 3.3. If G = U(n,m) then
(a) Spec(CCC(G)) =


{
(−1)
n(m+1)−4
2 ,
(
n(m−1)−2
2
)1
, (n− 1)1
}
, if m is odd and n ≥ 2{
(−1)
n(m+2)−6
2 ,
(
n(m−2)−2
2
)1
, (n− 1)2
}
, if m is even and n ≥ 2
and E(CCC(G)) =


n(m+ 1)− 4, if m is odd and n ≥ 2
4(n− 1), if m = 2 and n ≥ 2
n(m+ 2)− 6, if m is even, m ≥ 4 and n ≥ 2.
(b) L-spec(CCC(G)) =


{
02,
(
n(m−1)
2
)n(m−1)−2
2
, nn−1
}
, if m is odd and n ≥ 2{
03,
(
n(m−2)
2
)n(m−2)−2
2
, n2n−2
}
, if m is even and n ≥ 2
and LE(CCC(G)) =


4(n− 1), if m = 3 and n ≥ 2
2(2n−1)(n+3)
3 , if m = 5 and n ≥ 2
m2n2−4mn2+m2n+3n2−2mn−2m+5n−2
m+1 , if m is odd, m ≥ 7
and n ≥ 2
4(n− 1), if m = 2 and n ≥ 2
6(n− 1), if m = 4 and n ≥ 2
2m2n2−12mn2+m2n+16n2−4mn−2m+12n−4
m+2 , if m is even, m ≥ 6
and n ≥ 2.
(c) Q-spec(CCC(G)) =


{
(n(m− 1)− 2)1,
(
n(m−1)−4
2
)n(m−1)−2
2
, (2n− 2)1, (n− 2)n−1
}
,
if m is odd and n ≥ 2{
(n(m− 2)− 2)1,
(
n(m−2)−4
2
)n(m−2)−2
2
, (2n− 2)2, (n− 2)2n−2
}
,
if m is even and n ≥ 2
SPECTRAL ASPECTS OF COMMUTING CONJUGACY CLASS GRAPH OF FINITE GROUPS 9
and LE+(CCC(G)) =


4(n− 1), if m = 3 and n ≥ 2
22
3 , if m = 5 and n = 2
2(2n+3)(n−1)
3 , if m = 5 and n ≥ 3
n2(m−1)(m−3)
m+1 , if m is odd, m ≥ 7 and n ≥ 2
4(n− 1), if m = 2 and n ≥ 2
6(n− 1), if m = 4 and n ≥ 2
2(n+ 2)(n− 1), if m = 6 and n ≥ 2
2n2(m−2)(m−4)
m+2 , if m is even, m ≥ 8 and n ≥ 2.
Proof. We shall prove the result by considering the following cases.
Case 1. m is odd.
By [20, Proposition 2.3] we have CCC(G) = Kn(m−1)
2
⊔Kn. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)
n(m+1)−4
2 ,
(
n(m− 1)− 2
2
)1
, (n− 1)1
}
,
L-spec(CCC(G)) =

02,
(
n(m− 1)
2
)n(m−1)−2
2
, nn−1


and Q-spec(CCC(G)) =

(n(m− 1)− 2)1,
(
n(m− 1)− 4
2
)n(m−1)−2
2
, (2n− 2)1, (n− 2)n−1

 .
Hence, by (2.1), we get
E(CCC(G)) =
n(m+ 1)− 4
2
+
n(m− 1)− 2
2
+ n− 1 = n(m+ 1)− 4.
We have |V (CCC(G))| = n(m+1)2 and |e(CCC(G))| =
n2(m−1)2−2n(m−2n+1)
8 . Therefore,
2|e(CCC(G))|
|V (CCC(G))|
= n(m−1)
2−2(m−2n+1)
2(m+1) . Also,∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− n(m− 1)2 − 2(m− 2n+ 1)2(m+ 1)
∣∣∣∣ = n(m− 1)2 − 2(m− 2n+ 1)2(m+ 1) ,
since n(m− 1)2 − 2(m− 2n+ 1) = m2n− 2m(n+ 1) + 5n− 2 > 0;∣∣∣∣n(m− 1)2 − 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n(m− 1)2 − n(m− 1)
2 − 2(m− 2n+ 1)
2(m+ 1)
∣∣∣∣ = n(m− 3) +m+ 1m+ 1 and
∣∣∣∣n− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n− n(m− 1)2 − 2(m− 2n+ 1)2(m+ 1)
∣∣∣∣ =
∣∣∣∣−f1(m,n)2(m+ 1)
∣∣∣∣ ,
where f1(m,n) = n(m
2+3)−(4mn+2m+2). Form = 3 and n ≥ 2 we have f1(3, n) = −8. Form = 5
and n ≥ 2 we have f1(5, n) = 8n−12 > 0. Form ≥ 7 and n ≥ 2 we havem
2+3 > m2 > 4m+2m+2.
Therefore, n(m2 + 3) > 4mn+ (2m+ 2)n > 4mn+ 2m+ 2 and so f1(m,n) > 0. Hence,
∣∣∣∣−f1(m,n)2(m+ 1)
∣∣∣∣ =


1, if m = 3 and n ≥ 2
2n−3
3 , if m = 5 and n ≥ 2
n(m2+3)−(4mn+2m+2)
2(m+1) , if m ≥ 7 and n ≥ 2.
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Now, by (2.2), we have
LE(CCC(G)) = 2×
n(m− 1)2 − 2(m− 2n+ 1)
2(m+ 1)
+
n(m− 1)− 2
2
×
n(m− 3) +m+ 1
m+ 1
+ (n− 1)× 1
= 4(n− 1),
if m = 3 and n ≥ 2. If m = 5 and n ≥ 2 then
LE(CCC(G)) = 2×
n(m− 1)2 − 2(m− 2n+ 1)
2(m+ 1)
+
n(m− 1)− 2
2
×
n(m− 3) +m+ 1
m+ 1
+ (n− 1)×
2n− 3
3
=
2(2n− 1)(n+ 3)
3
.
If m ≥ 7 and n ≥ 2 then
LE(CCC(G)) = 2×
n(m− 1)2 − 2(m− 2n+ 1)
2(m+ 1)
+
n(m− 1)− 2
2
×
n(m− 3) +m+ 1
m+ 1
+ (n− 1)×
n(m2 + 3)− (4mn+ 2m+ 2)
2(m+ 1)
=
m2n2 − 4mn2 +m2n+ 3n2 − 2mn− 2m+ 5n− 2
m+ 1
.
Again, ∣∣∣∣n(m− 1)− 2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n(m− 1)− 2− n(m− 1)2 − 2(m− 2n+ 1)2(m+ 1)
∣∣∣∣
=
∣∣∣∣n(m− 1)(m+ 3)− 2(m+ 2n+ 1)2(m+ 1)
∣∣∣∣
=
n(m− 1)(m+ 3)− 2(m+ 2n+ 1)
2(m+ 1)
,
since n(m− 1)(m+ 3)− 2(m+ 2n+ 1) = n(m2 − 4)− 2 + n(m− 3) +m(n− 2) > 0;∣∣∣∣n(m− 1)− 42 − 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n(m− 1)− 42 − n(m− 1)
2 − 2(m− 2n+ 1)
2(m+ 1)
∣∣∣∣ =
∣∣∣∣ f2(m,n)2(m+ 1)
∣∣∣∣ ,
where f2(m,n) = n(m − 6) − 2 +m(n − 2). Clearly, for m ≥ 7 and n ≥ 2 we have f2(m,n) ≥ 0.
For m = 3 and n ≥ 2 we have f2(3, n) = −8. Also for m = 5 and n ≥ 2 we have f2(5, n) = 4n− 12.
Therefore, f2(5, 2) = −4 and f2(5, n) ≥ 0 for n ≥ 3. Hence,
∣∣∣∣ f2(m,n)2(m+ 1)
∣∣∣∣ =


1, if m = 3 and n ≥ 2
1
3 , if m = 5 and n = 2
n−3
3 , if m = 5 and n ≥ 3
n(m−3)−m−1
m+1 , if m ≥ 7 and n ≥ 2.∣∣∣∣2n− 2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 2− n(m− 1)2 − 2(m− 2n+ 1)2(m+ 1)
∣∣∣∣ =
∣∣∣∣− f3(m,n)2(m+ 1)
∣∣∣∣ ,
where f3(m,n) = mn(m − 6) + 2m+ n+ 2. Clearly, f3(m,n) > 0 if m ≥ 7 and n ≥ 2. For m = 3
and n ≥ 2 we have f3(3, n) = −8n + 8 < 0. For m = 5 and n ≥ 2 we have f3(5, n) = −4n + 12.
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Therefore, f3(5, 2) = 4 and f3(5, n) ≤ 0 if n ≥ 3. Hence,
∣∣∣∣− f3(m,n)2(m+ 1)
∣∣∣∣ =


n− 1, if m = 3 and n ≥ 2
1
3 , if m = 5 and n = 2
n−3
3 , if m = 5 and n ≥ 3
mn(m−6)+2m+n+2
2(m+1) , if m ≥ 7 and n ≥ 2.∣∣∣∣n− 2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n− 2− n(m− 1)2 − 2(m− 2n+ 1)2(m+ 1)
∣∣∣∣ =
∣∣∣∣− f4(m,n)2(m+ 1)
∣∣∣∣ ,
where f4(m,n) = mn(m−2)+2− (m(n−2)+n(m−3)). For m = 3 and n ≥ 2 we have f4(3, n) = 8.
Also, for m ≥ 5 and n ≥ 2 we have
mn(m− 2)− 2mn+ 2 = mn(m− 4) + 2 > −2m− 3n.
Therefore,
mn(m− 2) + 2 > 2mn− 2m− 3n = m(n− 2) + n(m− 3)
and so f4(m,n) > 0 for m ≥ 5 and n ≥ 2. Hence,∣∣∣∣− f4(m,n)2(m+ 1)
∣∣∣∣ = f4(m,n)2(m+ 1) = mn(m− 2) + 2−m(n− 2)− n(m− 3)2(m+ 1) .
By (2.3), we have
LE+(CCC(G)) =
n(m− 1)(m+ 3)− 2(m+ 2n+ 1)
2(m+ 1)
+
n(m− 1)− 2
2
× 1 + (n− 1)
+ (n− 1)×
mn(m− 2) + 2−m(n− 2)− n(m− 3)
2(m+ 1)
= 4(n− 1),
if m = 3 and n ≥ 2. If m = 5 and n = 2 then
LE+(CCC(G)) =
n(m− 1)(m+ 3)− 2(m+ 2n+ 1)
2(m+ 1)
+
n(m− 1)− 2
2
×
1
3
+
1
3
+ (n− 1)×
mn(m− 2) + 2−m(n− 2)− n(m− 3)
2(m+ 1)
=
22
3
.
If m = 5 and n ≥ 3 then
LE+(CCC(G)) =
n(m− 1)(m+ 3)− 2(m+ 2n+ 1)
2(m+ 1)
+
n(m− 1)− 2
2
×
n− 3
3
+
n− 3
3
+ (n− 1)×
mn(m− 2) + 2−m(n− 2)− n(m− 3)
2(m+ 1)
=
2(2n2 + n− 3)
3
=
2(2n+ 3)(n− 1)
3
.
If m ≥ 7 and n ≥ 2 then
LE+(CCC(G)) =
n(m− 1)(m+ 3)− 2(m+ 2n+ 1)
2(m+ 1)
+
n(m− 1)− 2
2
×
n(m− 3)−m− 1
m+ 1
+
mn(m− 6) + 2m+ n+ 2
2(m+ 1)
+ (n− 1)×
mn(m− 2) + 2−m(n− 2)− n(m− 3)
2(m+ 1)
=
n2(m− 1)(m− 3)
m+ 1
.
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Case 2. m is even.
By [20, Proposition 2.3] we have CCC(G) = Kn(m−2)
2
⊔2Kn. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)
n(m+2)−6
2 ,
(
n(m− 2)− 2
2
)1
, (n− 1)2
}
,
L-spec(CCC(G)) =

03,
(
n(m− 2)
2
)n(m−2)−2
2
, n2n−2


and Q-spec(CCC(G)) =

(n(m− 2)− 2)1,
(
n(m− 2)− 4
2
)n(m−2)−2
2
, (2n− 2)2, (n− 2)2n−2

 .
We have ∣∣∣∣n(m− 2)− 22
∣∣∣∣ =
{
1, if m = 2
n(m−2)−2
2 , if m ≥ 4.
Therefore, by (2.1), we have
E(CCC(G)) =
n(m+ 2)− 6
2
+ 1 + 2(n− 1) = 4(n− 1),
if m = 2. If m ≥ 4 then
E(CCC(G)) =
n(m+ 2)− 6
2
+
n(m− 2)− 2
2
+ 2(n− 1) = n(m+ 2)− 6.
We have |V (CCC(G))| = n(m+2)2 and |e(CCC(G))| =
n2(m−2)2−2n(m−4n+2)
8 . Therefore,
2|e(CCC(G))|
|V (CCC(G))|
= n(m−2)
2−2(m−4n+2)
2(m+2) . Also,∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− n(m− 2)2 − 2(m− 4n+ 2)2(m+ 2)
∣∣∣∣ =
∣∣∣∣−f5(m,n)2(m+ 2)
∣∣∣∣ ,
where f5(m,n) = m(n(m − 4) − 2) + 12n − 4. Note that for m ≥ 6 we have f5(m,n) > 0 since
n(m− 4) > 2 and 12n− 4 > 0. For m = 2 and n ≥ 2 we have f5(2, n) = 8n− 8 > 0. For m = 4 and
n ≥ 2 we have f5(4, n) = 12n− 12 > 0. Therefore, for all m ≥ 2 and n ≥ 2, we have∣∣∣∣−f5(m,n)2(m+ 2)
∣∣∣∣ =
∣∣∣∣ f5(m,n)2(m+ 2)
∣∣∣∣ = m(n(m− 4)− 2) + 12n− 42(m+ 2) .∣∣∣∣n(m− 2)2 − 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n(m− 2)2 − n(m− 2)
2 − 2(m− 4n+ 2)
2(m+ 2)
∣∣∣∣ =
∣∣∣∣f6(m,n)m+ 2
∣∣∣∣ ,
where f6(m,n) = 2n(m − 4) +m + 2. Clearly, f6(m,n) > 0 if m ≥ 4 and n ≥ 2. For m = 2 and
n ≥ 2 we have f6(2, n) = −4n+ 4 < 0. Therefore,∣∣∣∣f6(m,n)m+ 2
∣∣∣∣ =
{
n− 1, if m = 2 and n ≥ 2
2n(m−4)+m+2
m+2 , if m ≥ 4 and n ≥ 2.∣∣∣∣n− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n− n(m− 2)2 − 2(m− 4n+ 2)2(m+ 2)
∣∣∣∣ =
∣∣∣∣−f7(m,n)2(m+ 2)
∣∣∣∣ ,
where f7(m,n) = mn(m−6)−2m+8n−4. For m = 2 and n ≥ 2 we have f7(2, n) = −8. For m = 4
and n ≥ 2 we have f7(4, n) = −12. For m = 6 and n ≥ 2 we have f7(6, n) = 8n− 16 ≥ 0. Also, for
m ≥ 8 and n ≥ 2 we have m2 ≥ 8m which gives m(m − 6) ≥ 2m and so mn(m− 6) ≥ 2mn > 2m.
Therefore, mn(m− 6)− 2m > 0 and so f7(m,n) > 0 since 8n− 4 > 0. Hence,∣∣∣∣−f7(m,n)2(m+ 2)
∣∣∣∣ =
{
1, if m = 2, 4 and n ≥ 2
mn(m−6)−2m+8n−4
2(m+2) , if m ≥ 6 and n ≥ 2.
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Now, by (2.2), we have
LE(CCC(G)) = 3×
m(n(m− 4)− 2) + 12n− 4
2(m+ 2)
+
n(m− 2)− 2
2
× (n− 1) + (2n− 2)× 1
= 4(n− 1),
if m = 2 and n ≥ 2. If m = 4 and n ≥ 2 then
LE(CCC(G)) = 3×
m(n(m− 4)− 2) + 12n− 4
2(m+ 2)
+
n(m− 2)− 2
2
×
2n(m− 4) +m+ 2
m+ 2
+ (2n− 2)× 1
= 6(n− 1).
If m ≥ 6 and n ≥ 2 then
LE(CCC(G)) = 3×
m(n(m− 4)− 2) + 12n− 4
2(m+ 2)
+
n(m− 2)− 2
2
×
2n(m− 4) +m+ 2
m+ 2
+ (2n− 2)×
mn(m− 6)− 2m+ 8n− 4
2(m+ 2)
=
2m2n2 − 12mn2 +m2n+ 16n2 − 4mn− 2m+ 12n− 4
m+ 2
.
Again,∣∣∣∣n(m− 2)− 2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n(m− 2)− 2− n(m− 2)2 − 2(m− 4n+ 2)2(m+ 2)
∣∣∣∣ =
∣∣∣∣ f8(m,n)2(m+ 2)
∣∣∣∣ ,
where f8(m,n) = n(m
2 − 20) + 2m(n − 1) + 2mn − 4. For m = 2 and n ≥ 2 we have f8(2, n) =
−8n− 8 < 0. For m = 4 and n ≥ 2 we have f8(4, n) = 12n− 12 > 0. For m ≥ 6 and n ≥ 2 we have
f8(m,n) > 0. Therefore,
∣∣∣∣ f8(m,n)2(m+ 2)
∣∣∣∣ =


n+ 1, if m = 2 and n ≥ 2
n− 1, if m = 4 and n ≥ 2
n(m2−20)+2m(n−1)+2mn−4
2(m+2) , if m ≥ 6 and n ≥ 2.∣∣∣∣n(m− 2)− 42 − 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n(m− 2)− 42 − n(m− 2)
2 − 2(m− 4n+ 2)
2(m+ 2)
∣∣∣∣ =
∣∣∣∣f9(m,n)m+ 2
∣∣∣∣ ,
where f9(m,n) = n(m− 8) +m(n− 1)− 2. For m = 2 and n ≥ 2 we have f9(2, n) = −4n− 4 < 0.
For m = 4 and n ≥ 2 we have f9(4, n) = −6. For m = 6 and n ≥ 2 we have f9(6, n) = 4n− 8 ≥ 0.
Further, if For m ≥ 8 and n ≥ 2 then f9(m,n) > 0 since n(m− 8) ≥ 0 and m(n− 1)− 2 > 0. Hence,
∣∣∣∣f9(m,n)m+ 2
∣∣∣∣ =


n+ 1, if m = 2 and n ≥ 2
1, if m = 4 and n ≥ 2
n(m−8)+m(n−1)−2
m+2 , if m ≥ 6 and n ≥ 2.∣∣∣∣2n− 2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 2− n(m− 2)2 − 2(m− 4n+ 2)2(m+ 2)
∣∣∣∣ =
∣∣∣∣−f10(m,n)2(m+ 2)
∣∣∣∣ ,
where f10(m,n) = n(m
2−8m+4)+2m+4. Clearly, f10(m,n) > 0 for m ≥ 8 and n ≥ 2. For m = 2
and n ≥ 2 we have f10(2, n) = −8n+8 < 0. Form = 4 and n ≥ 2 we have f10(4, n) = −12n+12 < 0.
For m = 6 and n ≥ 2 we have f10(6, n) = −8n+ 16 ≤ 0. Hence,
∣∣∣∣f10(m,n)m+ 2
∣∣∣∣ =


n− 1, if m = 2 and n ≥ 2
n− 1, if m = 4 and n ≥ 2
n−2
2 , if m = 6 and n ≥ 2
n(m2−8m+4)+2m+4
2(m+2) , if m ≥ 8 and n ≥ 2.
14 P. BHOWAL AND R. K. NATH∣∣∣∣n− 2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣n− 2− n(m− 2)2 − 2(m− 4n+ 2)2(m+ 2)
∣∣∣∣ =
∣∣∣∣−f11(m,n)2(m+ 2)
∣∣∣∣ ,
where f11(m,n) = n(m−2)(m−4)+2m+4. Note that for m ≥ 4 and n ≥ 2 we have f11(m,n) > 0.
For m = 2 and n ≥ 2 we have f11(m,n) = 8. Therefore,∣∣∣∣−f11(m,n)2(m+ 2)
∣∣∣∣ = f11(m,n)2(m+ 2) = n(m− 2)(m− 4) + 2m+ 42(m+ 2) .
By (2.3), we have
LE+(CCC(G)) = n+ 1 +
n(m− 2)− 2
2
× (n+ 1) + 2× (n− 1)
+ (2n− 2)×
n(m− 2)(m− 4) + 2m+ 4
2(m+ 2)
= 4(n− 1),
if m = 2 and n ≥ 2. If m = 4 and n ≥ 2 then
LE+(CCC(G)) = n− 1 +
n(m− 2)− 2
2
× 1 + 2× (n− 1) + (2n− 2)×
n(m− 2)(m− 4) + 2m+ 4
2(m+ 2)
= 6(n− 1).
If m = 6 and n ≥ 2 then
LE+(CCC(G)) =
n(m2 − 20) + 2m(n− 1) + 2mn− 4
2(m+ 2)
+
n(m− 2)− 2
2
×
n(m− 8) +m(n− 1)− 2
m+ 2
+ 2×
n− 2
2
+ (2n− 2)×
n(m− 2)(m− 4) + 2m+ 4
2(m+ 2)
= 2(n+ 2)(n− 1).
If m ≥ 8 and n ≥ 2 then
LE+(CCC(G)) =
n(m2 − 20) + 2m(n− 1) + 2mn− 4
2(m+ 2)
+
n(m− 2)− 2
2
×
n(m− 8) +m(n− 1)− 2
m+ 2
+ 2×
n(m2 − 8m+ 4) + 2m+ 4
2(m+ 2)
+ (2n− 2)×
n(m− 2)(m− 4) + 2m+ 4
2(m+ 2)
=
2n2(m− 2)(m− 4)
m+ 2
.
This completes the proof. 
Theorem 3.4. If G = V8n then
(a) Spec(CCC(G)) =


{
(−1)2n−2, 02, (2n− 2)
1
}
, if n is odd{
(−1)2n−1, 12, (2n− 3)
1
}
, if n is even
and E(CCC(G)) =
{
4n− 4, if n is odd
4n− 2, if n is even.
(b) L-spec(CCC(G)) =


{
03, (2n− 1)
2n−2
}
, if n is odd{
03, 22, (2n− 2)
2n−3
}
, if n is even
and LE(CCC(G)) =


6(2n−1)(2n−2)
2n+1 , if n is odd
6, if n = 2
2(2n−3)(5n−7)
n+1 , if n is even and n ≥ 4.
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(c) Q-spec(CCC(G)) =


{
02, (4n− 4)1, (2n− 3)
2n−2
}
, if n is odd{
22, 02, (4n− 6)1, (2n− 4)
2n−3
}
, if n is even
and LE+(CCC(G)) =


4(2n−1)(2n−2)
2n+1 , if n is odd
6, if n = 2
16(n−1)(n−2)
n+1 , if n is even and n ≥ 4.
Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
By [20, Proposition 2.4] we have CCC(G) = 2K1 ⊔K2n−1. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)2n−2, 02, (2n− 2)1
}
, L-spec(CCC(G)) =
{
03, (2n− 1)2n−2
}
and Q-spec(CCC(G)) =
{
02, (4n− 4)1, (2n− 3)
2n−2
}
.
Hence, by (2.1), we get
E(CCC(G)) = 2n− 2 + 2n− 2 = 4n− 4.
We have |V (CCC(G))| = 2n + 1 and |e(CCC(G))| = (2n−1)(2n−2)2 . Therefore,
2|e(CCC(G))|
|V (CCC(G))| =
(2n−1)(2n−2)
2n+1 . Also,∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− (2n− 1)(2n− 2)2n+ 1
∣∣∣∣ = (2n− 1)(2n− 2)2n+ 1 and∣∣∣∣2n− 1− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 1− (2n− 1)(2n− 2)2n+ 1
∣∣∣∣ = 3(2n− 1)2n+ 1 .
Now, by (2.2), we have
LE(CCC(G)) = 3×
(2n− 1)(2n− 2)
2n+ 1
+ (2n− 2)×
3(2n− 1)
2n+ 1
=
6(2n− 1)(2n− 2)
2n+ 1
.
Again,∣∣∣∣4n− 4− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣4n− 4− (2n− 1)(2n− 2)2n+ 1
∣∣∣∣ = (2n− 2)(2n+ 3)2n+ 1 and∣∣∣∣2n− 3− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 3− (2n− 1)(2n− 2)2n+ 1
∣∣∣∣ = 2n− 52n+ 1 .
By (2.3), we have
LE+(CCC(G)) = 2×
(2n− 1)(2n− 2)
2n+ 1
+
(2n− 2)(2n+ 3)
2n+ 1
+ (2n− 2)×
2n− 5
2n+ 1
=
4(2n− 1)(2n− 2)
2n+ 1
.
Case 2. n is even.
By [20, Proposition 2.4] we have CCC(G) = 2K2 ⊔K2n−2. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)2n−1, 12, (2n− 3)
1
}
, L-spec(CCC(G)) =
{
03, 22, (2n− 2)
2n−3
}
and Q-spec(CCC(G)) =
{
22, 02, (4n− 6)1, (2n− 4)
2n−3
}
.
Hence, by (2.1), we get
E(CCC(G)) = 2n− 1 + 2 + 2n− 3 = 4n− 2.
16 P. BHOWAL AND R. K. NATH
We have |V (CCC(G))| = 2n + 2 and |e(CCC(G))| = (2n−2)(2n−3)+42 . Therefore,
2|e(CCC(G))|
|V (CCC(G))| =
(n−1)(2n−3)+2
n+1 . Also,∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− (n− 1)(2n− 3) + 2n+ 1
∣∣∣∣ = (n− 1)(2n− 3) + 2n+ 1 ,
∣∣∣∣2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2− (n− 1)(2n− 3) + 2n+ 1
∣∣∣∣ =
∣∣∣∣−(2n− 1)(n− 3)n+ 1
∣∣∣∣ =
{
1, if n = 2
(2n−1)(n−3)
n+1 , if n ≥ 4
and ∣∣∣∣2n− 2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 2− (n− 1)(2n− 3) + 2n+ 1
∣∣∣∣ = 5n− 7n+ 1 .
Now, by (2.2), we have
LE(CCC(G)) = 3×
(n− 1)(2n− 3) + 2
n+ 1
+ 2× 1 + (2n− 3)×
5n− 7
n+ 1
= 6,
if n = 2. If n ≥ 4 then
LE(CCC(G)) = 3×
(n− 1)(2n− 3) + 2
n+ 1
+ 2×
(2n− 1)(n− 3)
n+ 1
+ (2n− 3)×
5n− 7
n+ 1
=
2(10n2 − 29n+ 21)
n+ 1
=
2(2n− 3)(5n− 7)
n+ 1
.
Again,∣∣∣∣4n− 6− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣4n− 6− (n− 1)(2n− 3) + 2n+ 1
∣∣∣∣ = 2n2 + 3n− 11n+ 1 and
∣∣∣∣2n− 4− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 4− (n− 1)(2n− 3) + 2n+ 1
∣∣∣∣ =
∣∣∣∣3n− 9n+ 1
∣∣∣∣ =
{
1, if n = 2
3n−9
n+1 , if n ≥ 4.
By (2.3), we have
LE+(CCC(G)) = 2× 1 + 2×
(n− 1)(2n− 3) + 2
n+ 1
+
2n2 + 3n− 11
n+ 1
+ (2n− 3)× 1 = 6,
if n = 2. If n ≥ 4 then
LE+(CCC(G))
= 2×
(2n− 1)(n− 3)
n+ 1
+ 2×
(n− 1)(2n− 3) + 2
n+ 1
+
2n2 + 3n− 11
n+ 1
+ (2n− 3)×
3n− 9
n+ 1
=
16(n− 1)(n− 2)
n+ 1
.
This completes the proof. 
Theorem 3.5. If G = SD8n then
(a) Spec(CCC(G)) =


{
(−1)2n, 31, (2n− 3)
1
}
, if n is odd{
(−1)2n−2, 02, (2n− 2)1
}
, if n is even
and E(CCC(G)) =
{
4n, if n is odd
4n− 4, if n is even.
(b) L-spec(CCC(G)) =


{
02, 43, (2n− 2)2n−3
}
, if n is odd{
03, (2n− 1)
2n−2
}
, if n is even
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and LE(CCC(G)) =


12, if n = 3
2(2n−3)(5n−11)
n+1 , if n is odd and n ≥ 5
6(2n−1)(2n−2)
2n+1 , if n is even.
(c) Q-spec(CCC(G)) =


{
61, 23, (4n− 6)1, (2n− 4)2n−3
}
, if n is odd{
02, (4n− 4)1, (2n− 3)
2n−2
}
, if n is even
and LE+(CCC(G)) =


12, if n = 3
22, if n = 5
16(n−1)(n−3)
n+1 , if n is odd and n ≥ 7
28
5 , if n = 2
4(2n−1)(2n−2)
2n+1 , if n is even and n ≥ 4.
Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
By [20, Proposition 2.5] we have CCC(G) = K4 ⊔K2n−2. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)2n, 31, (2n− 3)
1
}
, L-spec(CCC(G)) =
{
02, 43, (2n− 2)
2n−3
}
and Q-spec(CCC(G)) =
{
61, 23, (4n− 6)1, (2n− 4)
2n−3
}
.
Hence, by (2.1), we get
E(CCC(G)) = 2n+ 3 + 2n− 3 = 4n.
We have |V (CCC(G))| = 2n + 2 and |e(CCC(G))| = (2n−2)(2n−3)+122 . Therefore,
2|e(CCC(G))|
|V (CCC(G))| =
(n−1)(2n−3)+6
n+1 . Also,∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− (n− 1)(2n− 3) + 6n+ 1
∣∣∣∣ = (n− 1)(2n− 3) + 6n+ 1 ,∣∣∣∣4− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣4− (n− 1)(2n− 3) + 6n+ 1
∣∣∣∣ =
∣∣∣∣−2n2 + 9n− 5n+ 1
∣∣∣∣ =
{
1, if n = 3
2n2−9n+5
n+1 , if n ≥ 5
and ∣∣∣∣2n− 2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 2− (n− 1)(2n− 3) + 6n+ 1
∣∣∣∣ = 5n− 11n+ 1 .
Now, by (2.2), we have
LE(CCC(G)) = 2×
(n− 1)(2n− 3) + 6
n+ 1
+ 3× 1 + (2n− 3)×
5n− 11
n+ 1
= 12,
if n = 3. If n ≥ 5 then
LE(CCC(G)) = 2×
(n− 1)(2n− 3) + 6
n+ 1
+ 3×
2n2 − 9n+ 5
n+ 1
+ (2n− 3)×
5n− 11
n+ 1
=
2(10n2 − 37n+ 33)
n+ 1
=
2(2n− 3)(5n− 11)
n+ 1
.
Again,∣∣∣∣6− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣6− (n− 1)(2n− 3) + 6n+ 1
∣∣∣∣ =
∣∣∣∣−2n2 + 11n− 3n+ 1
∣∣∣∣ =
{
−2n2+11n−3
n+1 , if n = 3, 5
2n2−11n+3
n+1 , if n ≥ 7,∣∣∣∣2− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2− (n− 1)(2n− 3) + 6n+ 1
∣∣∣∣ = 2n2 − 7n+ 7n+ 1 ,∣∣∣∣4n− 6− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣4n− 6− (n− 1)(2n− 3) + 6n+ 1
∣∣∣∣ = 2n2 + 3n− 15n+ 1 and
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∣∣∣∣2n− 4− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 4− (n− 1)(2n− 3) + 6n+ 1
∣∣∣∣ =
∣∣∣∣3n− 13n+ 1
∣∣∣∣ =
{
1, if n = 3
3n−13
n+1 , if n ≥ 5.
By (2.3), we have
LE+(CCC(G)) =
−2n2 + 11n− 3
n+ 1
+ 3×
2n2 − 7n+ 7
n+ 1
+
2n2 + 3n− 15
n+ 1
+ (2n− 3)× 1 = 12,
if n = 3. If n = 5 then
LE+(CCC(G)) =
−2n2 + 11n− 3
n+ 1
+ 3×
2n2 − 7n+ 7
n+ 1
+
2n2 + 3n− 15
n+ 1
+ (2n− 3)×
3n− 13
n+ 1
= 22.
If n ≥ 7 then
LE+(CCC(G)) =
2n2 − 11n+ 3
n+ 1
+ 3×
2n2 − 7n+ 7
n+ 1
+
2n2 + 3n− 15
n+ 1
+ (2n− 3)×
3n− 13
n+ 1
=
16(n− 1)(n− 3)
n+ 1
.
Case 2. n is even.
By [20, Proposition 2.5] we have CCC(G) = 2K1 ⊔K2n−1. Therefore, by Theorem 2.1, it follows
that
Spec(CCC(G)) =
{
(−1)2n−2, 02, (2n− 2)
1
}
, L-spec(CCC(G)) =
{
03, (2n− 1)
2n−2
}
and Q-spec(CCC(G)) =
{
02, (4n− 4)1, (2n− 3)
2n−2
}
.
Hence, by (2.1), we get
E(CCC(G)) = 2n− 2 + 2n− 2 = 4n− 4.
We have V (CCC(G)) = 2n+ 1 and e(CCC(G)) = (2n−1)(2n−2)2 . So,
2|e(CCC(G))|
|V (CCC(G))| =
(2n−1)(2n−2)
2n+1 .
Also, ∣∣∣∣0− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣0− (2n− 1)(2n− 2)2n+ 1
∣∣∣∣ = (2n− 1)(2n− 2)2n+ 1 and∣∣∣∣2n− 1− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 1− (2n− 1)(2n− 2)2n+ 1
∣∣∣∣ = 3(2n− 1)2n+ 1 .
Now, by (2.2), we have
LE(CCC(G)) = 3×
(2n− 1)(2n− 2)
2n+ 1
+ (2n− 2)×
3(2n− 1)
2n+ 1
=
6(2n− 1)(2n− 2)
2n+ 1
.
Again,∣∣∣∣4n− 4− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣4n− 4− (2n− 1)(2n− 2)2n+ 1
∣∣∣∣ = (2n− 2)(2n+ 3)2n+ 1 and∣∣∣∣2n− 3− 2|e(CCC(G))||V (CCC(G))|
∣∣∣∣ =
∣∣∣∣2n− 3− (2n− 1)(2n− 2)2n+ 1
∣∣∣∣ =
∣∣∣∣2n− 52n+ 1
∣∣∣∣ =
{
1
5 , if n = 2
2n−5
2n+1 , if n ≥ 4.
By (2.3), we have
LE+(CCC(G)) = 2×
(2n− 1)(2n− 2)
2n+ 1
+
(2n− 2)(2n+ 3)
2n+ 1
+ (2n− 2)×
1
5
=
28
5
,
if n = 2. If n ≥ 4 then
LE+(CCC(G)) = 2×
(2n− 1)(2n− 2)
2n+ 1
+
(2n− 2)(2n+ 3)
2n+ 1
+ (2n− 2)×
2n− 5
2n+ 1
=
4(2n− 1)(2n− 2)
2n+ 1
.
This completes the proof. 
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We conclude this section with the following corollary.
Corollary 3.6. If G is isomorphic to D2n, Q4m, U(n,m), V8n or SD8n then CCC(G) is super integral.
4. Comparing various energies
In this section we compare various energies of CCC(G) obtained in Section 3 and derive the
following relations.
Theorem 4.1. Let G = D2n.
(a) If n = 3, 4, 6 then E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)).
(b) If n = 5 then E(CCC(G)) < LE+(CCC(G)) = LE(CCC(G)).
(c) If n = 10 then LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
(d) If n ≥ 7 but n 6= 10 then E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
If n = 3 then, by Theorem 3.1, we have
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 0.
If n = 5 then, by Theorem 3.1, we have
E(CCC(G)) − LE+(CCC(G)) = n− 3−
(n− 3)(n+ 3)
n+ 1
= −
4
5
< 0
and LE+(CCC(G)) = LE(CCC(G)) = 83 . Therefore, E(CCC(G)) < LE
+(CCC(G)) = LE(CCC(G)).
If n ≥ 7 then, by Theorem 3.1, we have
E(CCC(G)) − LE+(CCC(G)) = n− 3−
(n− 3)(n+ 3)
n+ 1
= −
2(n− 3)
n+ 1
< 0
and
LE+(CCC(G))− LE(CCC(G)) =
(n− 3)(n+ 3)
n+ 1
−
2(n− 1)(n− 3)
n+ 1
= −
(n− 3)(n− 5)
n+ 1
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
Case 2. n is even.
Consider the following subcases.
Subcase 2.1 n2 is even.
If n = 4 then, by Theorem 3.1, we have
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 0.
If n = 8 then, by Theorem 3.1, we have
E(CCC(G)) − LE+(CCC(G)) = n− 4−
(n− 4)(n+ 6)
n+ 2
= −
8
5
< 0
and
LE+(CCC(G)) − LE(CCC(G)) =
(n− 4)(n+ 6)
n+ 2
−
3(n− 2)(n− 4)
n+ 2
= −
8
5
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
If n ≥ 12 then, by Theorem 3.1, we have
E(CCC(G))− LE+(CCC(G)) = n− 4−
2(n− 2)(n− 4)
n+ 2
= −
(n− 4)(n− 6)
n+ 2
< 0
and
LE+(CCC(G))− LE(CCC(G)) =
2(n− 2)(n− 4)
n+ 2
−
3(n− 2)(n− 4)
n+ 2
= −
(n− 2)(n− 4)
n+ 2
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
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Subcase 2.2 n2 is odd.
If n = 6 then, by Theorem 3.1, we have
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 4.
If n = 10 then, by Theorem 3.1, we have
LE+(CCC(G)) − E(CCC(G)) =
22
3
− (n− 2) = −
2
3
< 0
and
E(CCC(G))− LE(CCC(G)) = n− 2−
(n− 4)(3n− 10)
n+ 2
= −2 < 0.
Therefore, LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
If n ≥ 14 then, by Theorem 3.1, we have
E(CCC(G))− LE+(CCC(G)) = n− 2−
2(n− 2)(n− 6)
n+ 2
= −
(n− 2)(n− 10)
n+ 2
< 0
and
LE+(CCC(G))− LE(CCC(G)) =
2(n− 2)(n− 6)
n+ 2
−
(n− 4)(3n− 10)
n+ 2
= −
n2 − 6n+ 16
n+ 2
= −
n(n− 14) + 8n+ 10
n+ 2
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)). Hence, the result follows. 
Theorem 4.2. Let G = Q4m.
(a) If m = 2, 3 then E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)).
(b) If m = 5 then LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
(c) If m = 7 then LE+(CCC(G)) = E(CCC(G)) < LE(CCC(G)).
(d) If m = 4, 6 or m ≥ 8 then E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
Proof. We shall prove the result by considering the following cases.
Case 1. m is odd.
If m = 3 then, by Theorem 3.2, we have
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 4.
If m = 5 then, by Theorem 3.2, we have
LE+(CCC(G)) − E(CCC(G)) =
22
3
− (2m− 2) = −
2
3
< 0
and
E(CCC(G)) − LE(CCC(G)) = 2m− 2−
2(m− 2)(3m− 5)
m+ 1
= −2 < 0.
Therefore, LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
If m = 7 then, by Theorem 3.2, we have
LE+(CCC(G)) = E(CCC(G)) = 12
and
LE+(CCC(G)) − LE(CCC(G)) =
4(m− 1)(m− 3)
m+ 1
−
2(m− 2)(3m− 5)
m+ 1
= −
2(m+ 4)(m− 1)
m+ 1
< 0.
Therefore, LE+(CCC(G)) = E(CCC(G)) < LE(CCC(G)).
If m ≥ 9 then, by Theorem 3.2, we have
E(CCC(G)) − LE+(CCC(G)) = 2m− 2−
4(m− 1)(m− 3)
m+ 1
= −
2(m− 1)(m− 7)
m+ 1
< 0
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and
LE+(CCC(G)) − LE(CCC(G)) =
4(m− 1)(m− 3)
m+ 1
−
2(m− 2)(3m− 5)
m+ 1
= −
2(m+ 4)(m− 1)
m+ 1
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
Case 2. m is even.
If m = 2 then, by Theorem 3.2, we have
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 0.
If m = 4 then, by Theorem 3.2, we have
E(CCC(G)) − LE+(CCC(G)) = 2m− 4−
2(m− 2)(m+ 3)
m+ 1
= −
8
5
< 0
and
LE+(CCC(G)) − LE(CCC(G)) =
2(m− 2)(m+ 3)
m+ 1
−
6(m− 1)(m− 2)
m+ 1
= −
8
5
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
If m ≥ 6 then, by Theorem 3.2, we have
E(CCC(G)) − LE+(CCC(G)) = 2m− 4−
4(m− 1)(m− 2)
m+ 1
= −
2(m− 2)(m− 3)
m+ 1
< 0
and
LE+(CCC(G)) − LE(CCC(G)) =
4(m− 1)(m− 2)
m+ 1
−
6(m− 1)(m− 2)
m+ 1
= −
2(m− 1)(m− 2)
m+ 1
.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)). Hence, the result follows. 
Theorem 4.3. Let G = U(n,m).
(a) If m = 2, 3, 4 and n ≥ 2 then LE+(CCC(G)) = E(CCC(G)) = LE(CCC(G)).
(b) If m = 5 and n = 2, 3; or m = 6 and n = 2 then
LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
(c) If m = 5 and n ≥ 4; m ≥ 6 and n ≥ 3; or m ≥ 8 and n ≥ 2 then
E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
(d) If m = 7 and n = 2 then E(CCC(G)) = LE+(CCC(G)) < LE(CCC(G)).
Proof. We shall prove the result by considering the following cases.
Case 1. If m is odd and n ≥ 2.
If m = 3 and n ≥ 2 then, by Theorem 3.3, we have
LE+(CCC(G)) = E(CCC(G)) = LE(CCC(G)) = 4(n− 1).
If m = 5 and n = 2 then, by Theorem 3.3, we have
LE+(CCC(G))− E(CCC(G)) =
2n2 + 10n− 6
3
− (n(m+ 1)− 4) = −
2
3
< 0
and
E(CCC(G)) − LE(CCC(G)) = n(m+ 1)− 4−
2(2n− 1)(n+ 3)
3
= −2 < 0.
Therefore, LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
If m = 5 and n = 3 then, by Theorem 3.3, we have
LE+(CCC(G))− E(CCC(G)) =
2(2n+ 3)(n− 1)
3
− (n(m+ 1)− 4) = −2 < 0
and
E(CCC(G)) − LE(CCC(G)) = n(m+ 1)− 4−
2(2n− 1)(n+ 3)
3
= −4 < 0.
Therefore, LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
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If m = 5 and n ≥ 4 then, by Theorem 3.3, we have
E(CCC(G))− LE+(CCC(G)) = n(m+ 1)− 4−
2(2n+ 3)(n− 1)
3
=
−2(2n2 − 8n+ 3)
3
=
−2(2n(n− 4) + 3)
3
< 0
and
LE+(CCC(G)) − LE(CCC(G)) =
2(2n+ 3)(n− 1)
3
−
2(2n− 1)(n+ 3)
3
=
−8n
3
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
If m ≥ 7 and n ≥ 2 then, by Theorem 3.3, we have
E(CCC(G)) − LE+(CCC(G)) = n(m+ 1)− 4−
n2(m− 1)(m− 3)
m+ 1
= −
f1(m,n)
m+ 1
,
where f1(m,n) = mn(m − 4)(n− 3) + 2mn(m− 7) + 3n(n− 1) + 4(m+ 1). For m ≥ 7 and n = 2
we have f1(m,n) = 2(m − 1)(m − 7) ≥ 0. Hence, f1(7, 2) = 0 and f1(m, 2) > 0 if m ≥ 9. Thus,
E(CCC(G)) = LE+(CCC(G)) and E(CCC(G)) < LE+(CCC(G)) according as if m = 7, n = 2 and
m ≥ 9, n = 2. For m ≥ 7 and n ≥ 3 we have f1(m,n) > 0 and so E(CCC(G)) < LE
+(CCC(G)).
If m ≥ 7 and n ≥ 2 then, by Theorem 3.3, we also have
LE+(CCC(G)) − LE(CCC(G))
=
n2(m− 1)(m− 3)
m+ 1
−
m2n2 − 4mn2 +m2n+ 3n2 − 2mn− 2m+ 5n− 2
m+ 1
= −
m2n− 2mn− 2m+ 5n− 2
m+ 1
= −
(mn− 2)(m− 2) + 5(n− 2) + 4
m+ 1
< 0.
Therefore, LE+(CCC(G)) < LE(CCC(G)). Thus, if m = 7 and n = 2 then
E(CCC(G)) = LE+(CCC(G)) < LE(CCC(G))
and if m ≥ 7 and n ≥ 3 or m ≥ 9 and n = 2 then
E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
Case 2. m is even and n ≥ 2.
If m = 2 and n ≥ 2 then, by Theorem 3.3, we have
LE+(CCC(G)) = E(CCC(G)) = LE(CCC(G)) = 4(n− 1).
If m = 4 and n ≥ 2 then, by Theorem 3.3, we have
LE+(CCC(G)) = E(CCC(G)) = LE(CCC(G)) = 6(n− 1).
If m = 6 and n = 2 then, by Theorem 3.3, we have
LE+(CCC(G)) − E(CCC(G)) = 2(n+ 2)(n− 1)− (n(m+ 2)− 6) = −4 < 0
and
E(CCC(G))− LE(CCC(G))
= n(m+ 2)− 6−
2m2n2 − 12mn2 +m2n+ 16n2 − 4mn− 2m+ 12n− 4
m+ 2
= −2 < 0.
Therefore, LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
If m = 6 and n ≥ 3 then by Theorem 3.3
E(CCC(G)) − LE+(CCC(G)) = n(m+ 2)− 6− 2(n+ 2)(n− 1) = 2n(3− n)− 2 < 0
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and
LE+(CCC(G)) − LE(CCC(G))
= 2(n+ 2)(n− 1)−
2m2n2 − 12mn2 +m2n+ 16n2 − 4mn− 2m+ 12n− 4
m+ 2
= −(n+ 2) < 0.
Therefore E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
If m ≥ 8 and n ≥ 2 then, by Theorem 3.3, we have
E(CCC(G)) − LE+(CCC(G)) = n(m+ 2)− 6−
2n2(m− 2)(m− 4)
m+ 2
= −
2m2n2 − 12mn2 −m2n+ 16n2 − 4mn+ 6m− 4n+ 12
m+ 2
= −
f2(m,n)
m+ 2
,
where f2(m,n) = mn(2n−1)(m−8)+2m(2n(n−3)+3)+4n(4n−1)+12. For n = 2 and m ≥ 8 we
have f2(m,n) = (6m− 2)(m− 8) + 52 > 0. For n ≥ 3 and m ≥ 8 we have f2(m,n) > 0. Therefore,
if m ≥ 8 and n ≥ 2 then E(CCC(G)) < LE+(CCC(G)).
If m ≥ 8 and n ≥ 2 then, by Theorem 3.3, we also have
LE+(CCC(G)) − LE(CCC(G))
=
2n2(m− 2)(m− 4)
m+ 2
−
2m2n2 − 12mn2 +m2n+ 16n2 − 4mn− 2m+ 12n− 4
m+ 2
= −
m2n− 4mn− 2m+ 12n− 4
m+ 2
= −
mn(m− 8) + 2m(2n− 1) + 4(3n− 1)
m+ 2
< 0.
Therefore, LE+(CCC(G)) < LE(CCC(G)). Thus, if m ≥ 8 and n ≥ 2 then
E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
Hence, the result follows. 
Theorem 4.4. If G = V8n then E(CCC(G)) ≤ LE
+(CCC(G)) ≤ LE(CCC(G)). The equality holds if
and only if n = 2.
Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
By Theorem 3.4, we have
E(CCC(G)) − LE+(CCC(G)) = 4n− 4−
4(2n− 1)(2n− 2)
2n+ 1
= −
4(n− 1)(2n− 3)
2n+ 1
and
LE+(CCC(G))−LE(CCC(G)) =
4(2n− 1)(2n− 2)
2n+ 1
−
6(2n− 1)(2n− 2)
2n+ 1
= −
2(2n− 1)(2n− 2)
2n+ 1
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
Case 2. n is even.
If n = 2 then, by Theorem 3.4, we have
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 6.
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If n ≥ 4 then, by Theorem 3.4, we have
E(CCC(G)) − LE+(CCC(G)) = 4n− 2−
16(n− 1)(n− 2)
n+ 1
= −
2(6n2 + 25n− 17)
n+ 1
= −
2(6n(n− 4) + 49n− 7)
n+ 1
< 0
and
LE+(CCC(G)) − LE(CCC(G)) =
16(n− 1)(n− 2)
n+ 1
−
2(2n− 3)(5n− 7)
n+ 1
= −
2(2n2 − 5n+ 5)
n+ 1
= −
2(2n(n− 4) + 3n+ 5)
n+ 1
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)). Hence, the result follows. 
Theorem 4.5. If G = SD8n then E(CCC(G)) ≤ LE
+(CCC(G)) ≤ LE(CCC(G)). The equality holds
if and only if n = 3.
Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
If n = 3 then, by Theorem 3.5, we have
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 12.
If n = 5 then, by Theorem 3.5, we have
E(CCC(G))− LE+(CCC(G)) = 4n− 22 = −2 < 0
and
LE+(CCC(G)) − LE(CCC(G)) = 22−
2(2n− 3)(5n− 11)
n+ 1
= −
32
3
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
If n ≥ 7 then, by Theorem 3.5, we have
E(CCC(G)) − LE+(CCC(G)) = 4n−
16(n− 1)(n− 3)
n+ 1
= −
4(3n2 − 17n+ 12)
n+ 1
= −
4(3n(n− 7) + 4n+ 12)
n+ 1
< 0
and
LE+(CCC(G)) − LE(CCC(G)) =
16(n− 1)(n− 3)
n+ 1
−
2(2n− 3)(5n− 11)
n+ 1
= −
2(2n2 − 5n+ 9)
n+ 1
= −
2(2n(n− 7) + 9n+ 9)
n+ 1
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
Case 2. n is even.
If n = 2 then, by Theorem 3.5, we have
E(CCC(G)) − LE+(CCC(G)) = 4n− 4−
28
5
= −
8
5
< 0
and
LE+(CCC(G))− LE(CCC(G)) =
28
5
−
6(2n− 1)(2n− 2)
2n+ 1
= −
8
5
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
If n ≥ 4 then, by Theorem 3.5, we have
E(CCC(G))− LE+(CCC(G)) = 4n− 4−
4(2n− 1)(2n− 2)
2n+ 1
= −
4(n− 1)(2n− 3)
2n+ 1
< 0
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and
LE+(CCC(G))−LE(CCC(G)) =
4(2n− 1)(2n− 2)
2n+ 1
−
6(2n− 1)(2n− 2)
2n+ 1
= −
2(2n− 1)(2n− 2)
2n+ 1
< 0.
Therefore, E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)). Hence, the result follows. 
Note that Theorems 4.1–4.5 can be summarized in the following way.
Theorem 4.6. Let G be a finite non-abelian group. Then we have the following.
(a) If G is isomorphic to D6, D8, D12, Q8, Q12, U(n,2), U(n,3), U(n,4)(n ≥ 2), V16 or SD24 then
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)).
(b) If G is isomorphic to D20, Q20, U(2,5), U(3,5) or U(2,6) then
LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)).
(c) If G is isomorphic to D14, D16, D18, D2n(n ≥ 11), Q16, Q24, Q4m(m ≥ 8), U(n,5), (n ≥ 4),
U(n,m)(m ≥ 6 and n ≥ 3), U(n,m)(m ≥ 8 and n ≥ 2), V8n(n ≥ 3), SD16 or SD8n(n ≥ 4)
then
E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)).
(d) If G is isomorphic to Q28 or U(2,7) then E(CCC(G)) = LE
+(CCC(G)) < LE(CCC(G)).
(e) If G is isomorphic to D10 then E(CCC(G)) < LE
+(CCC(G)) = LE(CCC(G)).
We conclude this section with the following remark regarding Conjecture 2.2 and Question 2.3.
Remark 4.7. By Theorem 4.6, it follows that E(CCC(G)) ≤ LE(CCC(G)) and LE+(CCC(G)) ≤
LE(CCC(G)) for commuting conjugacy class graph of the groups D2n, Q4m, U(n,m), V8n and SD8n.
Therefore, Conjecture 2.2 holds for commuting conjugacy class graph of these groups whereas the in-
equality in Question 2.3 does not. However, LE(CCC(G)) = LE+(CCC(G)) if G = D6, D8, D10, D12,
Q8, Q12, V16, SD24 and U(n,m) where m = 2, 3, 4 and n ≥ 2.
5. Hyperenergetic and borderenergetic graphs
It is well-known that
(5.1) E(Kn) = LE(Kn) = LE
+(Kn) = 2(n− 1).
A graph G with n vertices is called hyperenergetic, L-hyperenergetic or Q-hyperenergetic according
as E(Kn) < E(G), LE(Kn) < LE(G) or LE
+(Kn) < LE
+(G). Also, G is called borderenergetic,
L-borderenergetic and Q-borderenergetic if E(Kn) = E(G), LE(Kn) = LE(G) and LE
+(Kn) =
LE+(G) respectively. These graphs are considered in [24, 11, 10, 23, 9]. In this section we consider
commuting conjugacy class graph CCC(G) for the groups considered in Section 3 and determine
whether they are hyperenergetic, L-hyperenergetic or Q-hyperenergetic. We shall also determine
whether they are borderenergetic, L-borderenergetic or Q-borderenergetic.
Theorem 5.1. Let G = D2n.
(a) If n is odd or n = 4, 6 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyper-
energetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
(b) If n = 8, 10, 12, 14 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderener-
getic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
(c) If n is even and n ≥ 16 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither
hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic.
Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
By [20, Proposition 2.1] we have CCC(G) = K1 ⊔Kn−1
2
. Therefore, |V (CCC(G))| = n+12 . Using
(5.1), we get
(5.2) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = n− 1
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If n = 3 then, by Theorem 4.1 and Theorem 3.1, we get
(5.3) E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 0 < 2 = E(K|V (CCC(G))|).
If n = 5 then, by Theorem 4.1 and Theorem 3.1, we get
(5.4) E(CCC(G)) < LE+(CCC(G)) = LE(CCC(G)) =
8
3
< 4 = E(K|V (CCC(G))|).
Therefore CCC(G) is neither hyperenergetic nor L-hyperenergetic nor Q-hyperenergetic for n = 5.
If n ≥ 7 then, by Theorem 4.1 and Theorem 3.1, we get
E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)) =
(n− 3)(n+ 3)
n+ 1
.
Again,
(n− 3)(n+ 3)
n+ 1
− (n− 1) = −
8
n+ 1
< 0
Therefore,
(5.5) E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)) < n− 1 = E(K|V (CCC(G))|).
Hence, in view of (5.2)–(5.5), it follows that CCC(G) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
Case 2. n is even.
By [20, Proposition 2.1] we have CCC(G) = 2K1⊔Kn2 −1. Therefore, |V (CCC(G))| =
n
2 +1. Using
(5.1), we get
(5.6) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = n.
Subcase 2.1. n2 is even.
If n = 4 then, by Theorem 4.1 and Theorem 3.1, we get
(5.7) E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 0 < 4 = E(K|V (CCC(G))|).
Therefore, by (5.6) and by (5.7), it follows that CCC(G) is neither hyperenergetic, borderenergetic,
L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n = 8 then, by Theorem 4.1 and Theorem 3.1, we get
E(CCC(G)) < LE+(CCC(G)) = 6 < 8 = E(K|V (CCC(G))|).
Also,
LE(CCC(G)) = 9 > 8 = LE(K|V (CCC(G))|).
So, CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic, Q-
hyperenergetic nor Q-borderenergetic.
If n ≥ 12 then, by Theorem 3.1, we get
LE(CCC(G)) =
3(n− 2)(n− 4)
n+ 2
.
We have
n−
3(n− 2)(n− 4)
n+ 2
= −
2(n(n− 12) + 2n+ 12)
n+ 2
< 0.
So, LE(K|V (CCC(G))|) < LE(CCC(G)) and so CCC(G) is L-hyperenergetic but not L-borderenergetic.
By Theorem 4.1 and Theorem 3.1, we also get
E(CCC(G)) < LE+(CCC(G)) =
2(n− 2)(n− 4)
n+ 2
.
We have
(5.8)
2(n− 2)(n− 4)
n+ 2
− n =
n2 − 14n+ 16
n+ 2
=
n(n− 16) + 2n+ 16
n+ 2
:= f1(n)
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Therefore, for n = 12, we have f1(n) < 0 and so
E(CCC(G)) < LE+(CCC(G)) =
2(n− 2)(n− 4)
n+ 2
< n = LE+(K|V (CCC(G))|).
Thus, if n = 12 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-
borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n ≥ 16 then, by (5.8), we have f1(n) > 0 and so LE
+(CCC(G)) > n = LE+(K|V (CCC(G))|).
Therefore, CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Also, E(CCC(G)) = n − 4 <
n = E(K|V (CCC(G))|) and so CCC(G) is neither hyperenergetic nor borderenergetic. Thus, if n ≥ 16
then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic nor Q-borderenergetic.
Subcase 2.2. n2 is odd.
If n = 6 then, by Theorem 4.1 and Theorem 3.1, we get
E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 4 < 6 = E(K|V (CCC(G))|).
Therefore, CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic.
If n = 10 then, by Theorem 4.1 and Theorem 3.1, we get
LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)) = 10 = LE(K|V (CCC(G))|).
So, CCC(G) is L-bordererenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic.
If n ≥ 14 then, by Theorem 3.1, we get
LE(CCC(G)) =
(n− 4)(3n− 10)
n+ 2
.
We have
n−
(n− 4)(3n− 10)
n+ 2
= −
2n(n− 14) + 4n+ 40
n+ 2
< 0.
So, LE(K|V (CCC(G))|) < LE(CCC(G)) and so CCC(G) is L-hyperenergetic but not L-borderenergetic.
By Theorem 4.1 and Theorem 3.1, we also get
E(CCC(G)) < LE+(CCC(G)) =
2(n− 2)(n− 6)
n+ 2
.
We have
(5.9)
2(n− 2)(n− 6)
n+ 2
− n =
n2 − 18n+ 24
n+ 2
=
n(n− 18) + 24
n+ 2
:= f2(n).
Therefore, for n = 14, we have f2(n) < 0 and so
E(CCC(G)) < LE+(CCC(G)) =
2(n− 2)(n− 4)
n+ 2
< n = LE+(K|V (CCC(G))|).
Thus, if n = 14 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-
borderenergetic, Q-hyperenergetic nor Q-borderenergetic. If n ≥ 18 then, by (5.9), we have f2(n) > 0
and so LE+(CCC(G)) > n = LE+(K|V (CCC(G))|). Therefore, CCC(G) is Q-hyperenergetic but not Q-
borderenergetic. Also, E(CCC(G)) = n−2 < n = E(K|V (CCC(G))|) and so CCC(G) is neither hyperen-
ergetic nor borderenergetic. Thus, if n ≥ 18 then CCC(G) is L-hyperenergetic and Q-hyperenergetic
but neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic. 
Theorem 5.2. Let G = Q4m.
(a) If m = 2, 3, 4 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-
borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
(b) If m = 5 then CCC(G) is L-borderenergetic but neither hyperenergetic, borderenergetic, L-
hyperenergetic, Q-hyperenergetic nor Q-borderenergetic.
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(c) If m = 6, 7 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
(d) If m ≥ 8 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic,
borderenergetic, L-borderenergetic nor Q-borderenergetic.
Proof. We shall prove the result by considering the following cases.
Case 1. m is odd.
By [20, Proposition 2.2] we have CCC(G) = K2 ⊔Km−1. Therefore, |V (CCC(G))| = m+ 1. Using
(5.1), we get
(5.10) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = 2m.
If m = 3 then, by Theorem 4.2 and Theorem 3.2, we get
(5.11) E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 4 < 6 = E(K|V (CCC(G))|).
Therefore, by (5.10) and (5.11), CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m = 5 then, by Theorem 4.2 and Theorem 3.2, we get
LE+(CCC(G)) < E(CCC(G)) < LE(CCC(G)) = 10 = LE(K|V (CCC(G))|).
So, CCC(G) is L-borderenergetic but neither hyperenergetic, borderenergetic, L-hyperenergetic, Q-
hyperenergetic nor Q-borderenergetic.
If m = 7 then, by Theorem 4.2 and Theorem 3.2, we get
LE+(CCC(G)) = E(CCC(G)) = 12 < 14 = E(K|V (CCC(G))|).
Also,
LE(CCC(G)) = 20 > 14 = LE(K|V (CCC(G))|).
So, CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic, Q-
hyperenergetic nor Q-borderenergetic.
If m ≥ 9 then, by Theorem 4.2 and Theorem 3.2, we get
4(m− 1)(m− 3)
m+ 1
= LE+(CCC(G)) < LE(CCC(G)).
We have
2m−
4(m− 1)(m− 3)
m+ 1
= −
2(m(m− 9) + 6)
m+ 1
< 0
and so LE+(K|V (CCC(G))|) = 2m <
4(m−1)(m−3)
m+1 = LE
+(CCC(G)) < LE(CCC(G)). Hence, CCC(G) is
L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-borderenergetic. Also,
E(CCC(G)) = 2m− 2 < 2m = E(K|V (CCC(G))|).
Therefore, CCC(G) is neither hyperenergetic nor borderenergetic. Thus, if m ≥ 9 then CCC(G) is L-
hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic
nor Q-borderenergetic.
Case 2. m is even.
By [20, Proposition 2.2] we have CCC(G) = 2K1⊔Km−1. Therefore, |V (CCC(G))| = m+1. Using
(5.1), we get
(5.12) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = 2m.
If m = 2 then, by Theorem 4.2 and Theorem 3.2, we get
(5.13) E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 0 < 4 = E(K|V (CCC(G))|).
Therefore, by (5.12) and (5.13), CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m = 4 then, by Theorem 4.2 and Theorem 3.2, we get
(5.14) E(CCC(G)) < LE+(CCC(G)) < LE(CCC(G)) =
36
5
< 8 = E(K|V (CCC(G))|).
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Therefore, by (5.12) and (5.14), CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m ≥ 6 then, by Theorem 3.2, we get
LE(CCC(G)) =
6(m− 1)(m− 2)
m+ 1
.
We have
2m−
6(m− 1)(m− 2)
m+ 1
= −
4(m2 − 5m+ 3)
m+ 1
= −
4(m(m− 6) +m+ 3)
m+ 1
< 0
and so LE(K|V (CCC(G))|) = 2m <
6(m−1)(m−2)
m+1 = LE(CCC(G)). Hence, CCC(G) is L-hyperenergetic
but not L-borderenergetic.
By Theorem 4.2 and Theorem 3.2, we also get
E(CCC(G)) < LE+(CCC(G)) =
4(m− 1)(m− 2)
m+ 1
.
We have
(5.15)
4(m− 1)(m− 2)
m+ 1
− 2m =
2(m2 − 7m+ 4)
m+ 1
=
2(m(m− 8) +m+ 4)
m+ 1
= f(m).
Therefore, for m = 6, we have f(m) < 0 and so
E(CCC(G)) < LE+(CCC(G)) =
4(m− 1)(m− 2)
m+ 1
< 2m = LE+(K|V (CCC(G))|).
Thus, if m = 6 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-
borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n ≥ 8 then, by (5.15), we have f(m) > 0 and so LE+(CCC(G)) > 2m = LE+(K|V (CCC(G))|).
Therefore, CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Also, E(CCC(G)) = 2m − 4 <
2m = E(K|V (CCC(G))|) and so CCC(G) is neither hyperenergetic nor borderenergetic. Thus, if n ≥ 8
then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic nor Q-borderenergetic. 
Theorem 5.3. Let G = U(n,m).
(a) If m = 2, 3, 4 and n ≥ 2 or m = 6 and n = 2 then CCC(G) is neither hyperenergetic, bor-
derenergetic, L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
(b) If m = 5 and n = 2 then CCC(G) is L-borderenergetic but neither hyperenergetic, borderen-
ergetic, L-hyperenergetic, Q-hyperenergetic nor Q-borderenergetic.
(c) If m = 5 and n = 3, m = 6 and n = 3 or m = 7 and n = 2 then CCC(G) is L-hyper-
energetic but neither hyperenergetic, borderenergetic, L-borderenergetic, Q-hyperenergetic nor
Q-borderenergetic.
(d) If m = 5, 6 and n ≥ 4; m = 7 and n ≥ 3 or m ≥ 8 and n ≥ 2 then CCC(G) is L-hyperenergetic
and Q-hyperenergetic but neither hyperenergetic, borderenergetic, L-border-energetic nor Q-
borderenergetic.
Proof. We shall prove the result by considering the following cases.
Case 1. m is odd and n ≥ 2.
By [20, Proposition 2.3] we have CCC(G) = Kn(m−1)
2
⊔ Kn. Therefore, |V (CCC(G))| =
n(m+1)
2 .
Using (5.1), we get
(5.16) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = mn+ n− 2.
By Theorem 3.3 we get
E(CCC(G)) = mn+ n− 4 < mn+ n− 2.
Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
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If m = 3 and n ≥ 2 then, by Theorem 3.3, we get
LE+(CCC(G)) = LE(CCC(G)) = 4n− 4 < 4n− 2 = LE(K|V (CCC(G))|).
So, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
Thus, if m = 3 and n ≥ 2 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m = 5 and n = 2 then, by Theorem 4.3 and Theorem 3.3, we get
LE+(CCC(G)) < LE(CCC(G)) = 10 = LE(K|V (CCC(G))|).
Therefore, CCC(G) is L-borderenergetic but neither L-hyperenergetic, Q-hyperenergetic nor Q-
borderenergetic. Thus, if m = 5 and n = 2 then CCC(G) is L-borderenergetic but neither hy-
perenergetic, borderenergetic, L-hyperenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m = 5 and n = 3 then, by Theorem 3.3, we get
LE(CCC(G)) = 20 > 16 = LE(K|V (CCC(G))|).
Therefore, CCC(G) is L-hyperenergetic but not L-borderenergetic. Also,
LE+(CCC(G)) = 12 < 16 = LE+(K|V (CCC(G))|).
Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Thus, if m = 5 and n = 3
then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic.
If m = 5 and n ≥ 4 then, by Theorem 4.3 and Theorem 3.3, we get
2(2n+ 3)(n− 1)
3
= LE+(CCC(G)) < LE(CCC(G)).
We have
6n− 2−
2(2n+ 3)(n− 1)
3
= −
4(n2 − n− 1)
3
= −
4(n(n− 4) + 3n− 1)
3
< 0
and so LE+(K|V (CCC(G))|) = 6n − 2 <
2(2n+3)(n−1)
3 = LE
+(CCC(G)) < LE(CCC(G)). There-
fore, CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-border-
energetic. Thus, if m = 5 and n ≥ 4 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but
neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic.
If m ≥ 7 and n ≥ 2 then, by Theorem 3.3, we get
LE(CCC(G)) =
m2n2 − 4mn2 +m2n+ 3n2 − 2mn− 2m+ 5n− 2
m+ 1
.
We have
mn+ n− 2− LE(CCC(G)) = −
m2n2 − 4mn2 − 4mn+ 3n2 + 4n
m+ 1
= −
mn2(m− 7) + 2mn(n− 2) +mn2 + 3n2 + 4n
m+ 1
< 0
and so LE(K|V (CCC(G))|) = mn+ n− 2 < LE(CCC(G)). Therefore, CCC(G) is L-hyperenergetic but
not L-borderenergetic. By Theorem 4.3 and Theorem 3.3, we also get
n2(m− 1)(m− 3)
m+ 1
= LE+(CCC(G)) < LE(CCC(G)).
Let f1(m,n) =
n2(m−1)(m−3)
m+1 − (mn+ n− 2). Then
f1(m,n) =
2 + 2m− 2mn−m2n− n+ 3n2 − 4mn2 +m2n2
m+ 1
=
mn2(m− 11) +mn2 +m2n(n− 2) + 2mn(n− 2) + 2n(3n− 1) + 2(m+ 1)
2(m+ 1)
.
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For m = 7 and n = 2 we have f1(m,n) = −2 < 0 and so
LE+(CCC(G)) =
n2(m− 1)(m− 3)
m+ 1
< mn+ n− 2 = LE+(K|V (CCC(G))|).
Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Thus, if m = 7 and n = 2
then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic.
If m = 7 and n ≥ 3 then f1(m,n) =
n(3n−8)+16
8 > 0. Therefore,
LE+(K|V (CCC(G))|) = mn+ n− 2 <
n2(m− 1)(m− 3)
m+ 1
= LE+(CCC(G))
and so CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Thus, if m = 7 and n ≥ 3 then
CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic, L-
borderenergetic nor Q-borderenergetic.
Now, for m = 9 and n = 2 we have f1(m,n) =
6
5 > 0. For m = 9 and n ≥ 3 we have
f1(m,n) =
2n(12n−25)+10
5 > 0. For m ≥ 11 and n ≥ 2 we have f1(m,n) > 0. Therefore, for m ≥ 9
and n ≥ 2 we have
LE+(K|V (CCC(G))|) = mn+ n− 2 <
n2(m− 1)(m− 3)
m+ 1
= LE+(CCC(G))
and so CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Thus, if m ≥ 9 and n ≥ 2 then
CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic, L-
borderenergetic nor Q-borderenergetic.
Case 2. m is even and n ≥ 2.
By [20, Proposition 2.3] we have CCC(G) = Kn(m−2)
2
⊔ 2Kn. Therefore, |V (CCC(G))| =
n(m+2)
2 .
Using (5.1), we get
(5.17) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = mn+ 2n− 2.
By Theorem 3.3 we get
E(CCC(G)) = 4n− 4 < 4n− 2 = E(K|V (CCC(G))|),
if m = 2. If m ≥ 4 then
E(CCC(G)) = mn+ 2n− 6 < mn+ 2n− 2 = E(K|V (CCC(G))|).
Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If m = 2 and n ≥ 2 then, by Theorem 3.3, we get
LE+(CCC(G)) = LE(CCC(G)) = 4n− 4 < 4n− 2.
So, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
Thus, if m = 2 and n ≤ 2 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m = 4 and n ≥ 2 then, by Theorem 3.3, we get
LE+(CCC(G)) = LE(CCC(G)) = 6n− 6 < 6n− 2.
So, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
Thus, if m = 4 and n ≤ 2 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If m = 6 and n = 2 then, Theorem 4.3 and Theorem 3.3, we get
LE+(CCC(G)) < LE(CCC(G)) = 12 < 14 = LE(K|V (CCC(G))|).
So, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
Thus, if m = 6 and n = 2 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic,
L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
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If m = 6 and n ≥ 3 then, by Theorem 3.3, we get
LE(CCC(G)) = 2n2 + 3n− 2.
We have
8n− 2− (2n2 + 3n− 2) = −n(2n− 5) < 0.
Therefore, LE(K|V (CCC(G))|) = 8n − 2 < 2n
2 + 3n − 2 < LE(CCC(G)) and so CCC(G) is L-
hyperenergetic but not L-borderenergetic. By Theorem 3.3, we also get
LE+(CCC(G)) = 2(n+ 2)(n− 1).
Let g(n) = 2(n+ 2)(n − 1)− (8n− 2). Then g(n) = 2(n(n − 4) + n− 1). Therefore, if n = 3 then
g(n) = −2 < 0 and so
LE+(CCC(G)) = 2(n+ 2)(n− 1) < 8n− 2 = LE+(K|V (CCC(G))|).
Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Thus, if m = 6 and n = 3
then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic.
If n ≥ 4 then g(n) > 0 and so
LE+(K|V (CCC(G))|) = 8n− 2 < 2(n+ 2)(n− 1) = LE
+(CCC(G)).
Therefore, CCC(G) is Q-hyperenergetic but not Q-borderenergetic. Thus, if m = 6 and n ≥ 4
then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderenergetic,
L-borderenergetic nor Q-borderenergetic.
If m ≥ 8 and n ≥ 2 then, by Theorem 4.3 and Theorem 3.3, we get
2n2(m− 2)(m− 4)
m+ 2
= LE+(CCC(G)) < LE(CCC(G)).
We have
mn+ 2n− 2−
2n2(m− 2)(m− 4)
m+ 2
= −
4 + 2m−m2n− 4n− 4mn+ 16n2 − 12mn2 + 2m2n2
m+ 2
= −f2(m,n),
where f2(m,n) =
mn2(m−12)+m2n(n−2)+mn(m−6)+2n(m−2)+16n2+2m+4
m+2 .
For m = 8 and n = 2 we have f2(m,n) =
6
5 > 0. For m = 8 and n ≥ 3 we have f2(m,n) =
2
5 (12n
2 − 25n + 5) = 25 (12n(n − 3) + 11n + 5) > 0. For m = 10 and n ≥ 2 we have f2(m,n) =
2(4n2−6n+1) = 2(4n(n−2)+2n+1)> 0. For m ≥ 12 and n ≥ 2 we have f2(m,n) > 0. Therefore,
LE+(K|V (CCC(G))|) = mn+ 2n− 2 <
2n2(m− 2)(m− 4)
m+ 2
= LE+(CCC(G)) < LE(CCC(G))
and so CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-
borderenergetic. Thus, if m ≥ 8 and n ≥ 2 then CCC(G) is L-hyperenergetic and Q-hyperenergetic
but neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic. 
Theorem 5.4. Let G = V8n.
(a) If n = 2 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-border-
energetic, Q-hyperenergetic nor Q-borderenergetic.
(b) If n = 3, 4 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-
borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
(c) If n ≥ 5 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic,
borderenergetic, L-borderenergetic nor Q-borderenergetic.
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Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
By [20, Proposition 2.4] we have CCC(G) = 2K1 ⊔ K2n−1. Therefore, |V (CCC(G))| = 2n + 1.
Using (5.1), we get
(5.18) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = 4n.
By Theorem 3.4 we get
LE(CCC(G)) =
6(2n− 1)(2n− 2)
2n+ 1
.
We have
4n−
6(2n− 1)(2n− 2)
2n+ 1
= −
4(4n2 − 10n+ 3)
2n+ 1
= −
4(4n(n− 3) + 2n+ 3)
2n+ 1
< 0
and so LE(K|V (CCC(G))|) = 4n <
6(2n−1)(2n−2)
2n+1 = LE(CCC(G)). Hence, CCC(G) is L-hyperenergetic
but not L-borderenergetic.
By Theorem 4.4 and Theorem 3.4, we also get
E(CCC(G)) < LE+(CCC(G)) =
4(2n− 1)(2n− 2)
2n+ 1
.
We have
(5.19)
4(2n− 1)(2n− 2)
2n+ 1
− 4n =
4(2n2 − 7n+ 2)
2n+ 1
=
4(2n(n− 5) + 3n+ 2)
2n+ 1
:= g1(n).
Therefore, for n = 3, we have g1(n) < 0 and so
E(CCC(G)) < LE+(CCC(G)) =
4(2n− 1)(2n− 2)
2n+ 1
< 4n = LE+(K|V (CCC(G))|).
Thus, if n = 3 then CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-
borderenergetic, Q-hyperenergetic nor Q-borderenergetic. If n ≥ 5 then, by (5.19), we have g1(n) > 0
and so LE+(CCC(G)) > 4n = LE+(K|V (CCC(G))|). Therefore, CCC(G) is Q-hyperenergetic but not Q-
borderenergetic. Also, E(CCC(G)) = 4n−4 < 4n = E(K|V (CCC(G))|) and so CCC(G) is neither hyper-
energetic nor borderenergetic. Thus, if n ≥ 5 then CCC(G) is L-hyperenergetic and Q-hyperenergetic
but neither hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic.
Case 2. n is even.
By [20, Proposition 2.4] we have CCC(G) = 2K2⊔K2n−2. Therefore |V (CCC(G))| = 2n+2. Using
(5.1), we get
(5.20) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = 4n+ 2.
If n = 2 then, by Theorem 4.4 and Theorem 3.4, we get
(5.21) E(CCC(G)) = LE+(CCC(G)) = LE(CCC(G)) = 6 < 10 = E(K|V (CCC(G))|).
Therefore, by (5.20) and (5.21), we have CCC(G) is neither hyperenergetic, borderenergetic, L-
hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
If n ≥ 4 then, Theorem 3.4, we get
E(CCC(G)) = 4n− 2 < 4n+ 2 = E(K|V (CCC(G))|).
Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
By Theorem 4.4 and Theorem 3.4, we also get
16(n− 1)(n− 2)
n+ 1
= LE+(CCC(G)) < LE(CCC(G)).
We have
(5.22)
16(n− 1)(n− 2)
n+ 1
− (4n+ 2) =
6(2n2 − 9n+ 5)
n+ 1
=
6(2n(n− 6) + 3n+ 5)
n+ 1
:= g2(n).
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Therefore, for n = 4 we have g2(n) < 0 and so LE
+(CCC(G)) = 16(n−1)(n−2)
n+1 < 4n + 2 =
LE+(K|V (CCC(G))|). Therefore, CCC(G) is neither Q-hyperenergetic nor Q-borderenergetic. Also,
LE(CCC(G)) =
130
5
= 26 > 18 = LE(K|V (CCC(G))|).
Therefore, CCC(G) is L-hyperenergetic but not L-borderenergetic. Thus, if n = 4 then CCC(G) is
L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic, Q-hyperenergetic
nor Q-borderenergetic.
If n ≥ 6 then, by (5.22), we have g2(n) > 0 and so
LE+(K|V (CCC(G))|) = 4n+ 2 <
16(n− 1)(n− 2)
n+ 1
= LE+(CCC(G)) < LE(CCC(G)).
Therefore, CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-
borderenergetic. Thus, if n ≥ 6 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither
hyperenergetic, borderenergetic, L-borderenergetic nor Q-borderenergetic. 
Theorem 5.5. Let G = SD8n.
(a) If n = 2, 3 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-
borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
(b) If n = 5 then CCC(G) is L-hyperenergetic and Q-borderenergetic but neither hyperenergetic,
borderenergetic, L-borderenergetic nor Q-hyperenergetic.
(c) If n = 4 or n ≥ 6 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyper-
energetic, borderenergetic, L-borderenergetic nor Q-borderenergetic.
Proof. We shall prove the result by considering the following cases.
Case 1. n is odd.
By [20, Proposition 2.5] we have CCC(G) = K4⊔K2n−2. Therefore, |V (CCC(G))| = 2n+2. Using
(5.1), we get
(5.23) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = 4n+ 2.
By Theorem 3.5 we get
E(CCC(G)) = 4n < 4n+ 2.
Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If n = 3 then, by Theorem 3.5, we get
LE+(CCC(G)) = LE(CCC(G)) = 12 < 14 = LE(K|V (CCC(G))|).
So, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
Thus, if n = 3 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-border-
energetic, Q-hyperenergetic nor Q-borderenergetic.
If n = 5 then, by Theorem 4.5 and Theorem 3.5, we get
LE+(K|V (CCC(G))|) = 22 = LE
+(CCC(G)) < LE(CCC(G)).
Therefore, CCC(G) is L-hyperenergetic and Q-borderenergetic but neither L-borderenergetic nor Q-
hyperenergetic. Thus, if n = 5 then CCC(G) is L-hyperenergetic and Q-borderenergetic but neither
hyperenergetic, borderenergetic, L-borderenergetic nor Q-hyperenergetic.
If n ≥ 7 then, by Theorem 4.5 and Theorem 3.5, we get
16(n− 1)(n− 3)
n+ 1
= LE+(CCC(G)) < LE(CCC(G)).
We have
4n+ 2−
16(n− 1)(n− 3)
n+ 1
= −
2(6n2 − 35n+ 23)
n+ 1
= −
2(6n(n− 7) + 7n+ 23)
n+ 1
< 0.
So, LE+(K|V (CCC(G))|) = 4n+ 2 <
16(n−1)(n−3)
n+1 = LE
+(CCC(G)) < LE(CCC(G)) and so CCC(G) is
L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-borderenergetic. Thus,
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if n ≥ 7 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, bor-
derenergetic, L-borderenergetic nor Q-borderenergetic.
Case 2. n is even.
By [20, Proposition 2.5] we have CCC(G) = 2K1 ⊔ K2n−1. Therefore, |V (CCC(G))| = 2n + 1.
Using (5.1), we get
(5.24) E(K|V (CCC(G))|) = LE
+(K|V (CCC(G))|) = LE(K|V (CCC(G))|) = 4n.
By Theorem 3.5 we get
E(CCC(G)) = 4n− 4 < 4n.
Therefore, CCC(G) is neither hyperenergetic nor borderenergetic.
If n = 2 then, by Theorem 4.5 and Theorem 3.5, we get
LE+(CCC(G)) < LE(CCC(G)) =
36
5
< 8 = LE(K|V (CCC(G))|).
So, CCC(G) is neither L-hyperenergetic, L-borderenergetic, Q-hyperenergetic nor Q-borderenergetic.
Thus, if n = 2 then CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-border-
energetic, Q-hyperenergetic nor Q-borderenergetic.
If n ≥ 4 then, by Theorem 4.5 and Theorem 3.5, we get
4(2n− 1)(2n− 2)
2n+ 1
= LE+(CCC(G)) < LE(CCC(G)).
We have
4n−
4(2n− 1)(2n− 2)
2n+ 1
= −
4(2n2 − 7n+ 2)
2n+ 1
= −
4(2n(n− 4) + n+ 2)
2n+ 1
< 0.
Therefore, LE+(K|V (CCC(G))|) = 4n <
4(2n−1)(2n−2)
2n+1 = LE
+(CCC(G)) < LE(CCC(G)) and so
CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither L-borderenergetic nor Q-borderener-
getic. Thus, if n ≥ 4 then CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperener-
getic, borderenergetic, L-borderenergetic nor Q-borderenergetic. 
We conclude this paper with the following characterization of commuting conjugacy class graph.
Theorem 5.6. Let G be a finite non-abelian group. Then
(a) CCC(G) is neither hyperenergetic, borderenergetic, L-hyperenergetic, L-borderenergetic, Q-
hyperenergetic nor Q-borderenergetic if G is isomorphic to D8, D12, D2n(n is odd), Q8, Q12,
Q16, U(2,6), U(n,2), U(n,3), U(n,4)(n ≥ 2), V16, SD16 or SD24.
(b) CCC(G) is L-borderenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic if G is isomorphic to Q20 or U(2,5).
(c) CCC(G) is L-hyperenergetic but neither hyperenergetic, borderenergetic, L-borderenergetic,
Q-hyperenergetic nor Q-borderenergetic if G is isomorphic to D16, D20, D24, D28, Q24, Q28,
U(3,5), U(3,6), U(2,7), V24 or V32.
(d) CCC(G) is L-hyperenergetic and Q-borderenergetic but neither hyperenergetic, borderener-
getic, L-borderenergetic nor Q-hyperenergetic if G is isomorphic to SD40.
(e) CCC(G) is L-hyperenergetic and Q-hyperenergetic but neither hyperenergetic, borderener-
getic, L-borderenergetic nor Q-borderenergetic if G is isomorphic to D2n(n is even, n ≥
16), Q4m(m ≥ 8), U(n,5)(n ≥ 4), U(n,6)(n ≥ 4), U(n,7)(n ≥ 3), U(n,m)(n ≥ 2 and m ≥ 8), V8n
(n ≥ 5), SD32 or SD8n(n ≥ 6).
Theorem 5.7. Let G be a finite non-abelian group. Then
(a) If G is isomorphic to D2n, Q4m, U(n,m), V8n or SD8n then CCC(G) is neither hyperenergetic
nor borderenergetic.
(b) If G is isomorphic to D2n(n is even, n ≥ 8), Q4m(m ≥ 6), U(n,5)(n ≥ 3), U(n,6)(n ≥
3), U(n,m)(n ≥ 2 and m ≥ 7), V8n(n ≥ 3) or SD8n(n ≥ 4) then CCC(G) is L-hyperenergetic
(c) If G is isomorphic to Q20 or U(2,5) then CCC(G) is L-borderenergetic.
36 P. BHOWAL AND R. K. NATH
(d) If G is isomorphic toD2n(n is even, n ≥ 16), Q4m(m ≥ 8), U(n,5)(n ≥ 4), U(n,6)(n ≥ 4), U(n,7)
(n ≥ 3), U(n,m)(n ≥ 2 and m ≥ 8), V8n(n ≥ 5), SD32 or SD8n(n ≥ 6) then CCC(G) is Q-
hyperenergetic.
(e) If G is isomorphic to SD40 then CCC(G) is Q-borderenergetic.
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